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Abstract

This paper studies equilibrium selection in supermodular games
based on perfect foresight dynamics. A normal form game is played
repeatedly in a large society of rational agents. There are frictions:
opportunities to revise actions follow independent Poisson processes.
Each agent forms his belief about the future evolution of the action
distribution in the society, and takes an action that maximizes his ex-
pected discounted payoff. A perfect foresight path is defined to be a
feasible path of the action distribution along which every agent with
a revision opportunity takes a best response to this path itself. A
Nash equilibrium is said to be absorbing if any perfect foresight path
converges to this equilibrium whenever the initial distribution is suffi-
ciently close to the equilibrium; a Nash equilibrium is said to be globally
accessible if for each initial distribution, there exists a perfect foresight
path converging to this equilibrium. By exploiting the monotone struc-
ture of the dynamics, the unique Nash equilibrium that is absorbing
and globally accessible for any small degree of friction is identified for
certain classes of supermodular games. For games with monotone po-
tentials, the selection of the monotone potential maximizer is obtained.
Complete characterizations for absorption and global accessibility are
given for binary supermodular games. An example demonstrates that
unanimity games may have multiple globally accessible equilibria for a
small friction. Journal of Economic Literature Classification Numbers:
C72, C73.

KEYWORDS: equilibrium selection; perfect foresight dynamics; super-
modular game; strategic complementarity; stochastic dominance; po-
tential; monotone potential.
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1 Introduction

Supermodular games capture the key concept of strategic complementarity
in various economic phenomena. Examples include oligopolistic competi-
tion, adoption of new technologies, bank runs, currency crises, and eco-
nomic development. Strategic complementarity plays an important role in
particular in Keynesian macroeconomics (Cooper (1999)). From a theoreti-
cal viewpoint, those games have appealing properties due to their monotone
structure (Topkis (1979), Milgrom and Roberts (1990), Vives (1990), and
Athey (2001)).

A salient feature of supermodular games is that there typically exist
multiple Nash equilibria due to strategic complementarities, which raises
the question as to which equilibrium is likely to be played. To address the
problem of equilibrium selection, game theory has so far proposed two major
strands of approaches besides the classic one by Harsanyi and Selten (1988).
One is to consider the stability of Nash equilibria in the context of evolution-
ary dynamics (Kandori, Mailath, and Rob (1993), Young (1993), Kandori
and Rob (1995) for stochastic models; Hofbauer (1999) for a deterministic
model); the other is to embed the original game in a static incomplete infor-
mation game and examine the robustness of equilibrium outcomes to a small
amount of uncertainty (Carlsson and van Damme (1993), Frankel, Morris,
and Pauzner (2003), Morris and Shin (2003); Kajii and Morris (1997), Morris
and Ui (2002)).

In the present paper, we study equilibrium selection in supermodular
games based on perfect foresight dynamics, first introduced by Matsui and
Matsuyama (1995) for 2 x 2 games.! Our approach is dynamic as most evo-
lutionary models, but it differs in one crucial aspect. While agents in evolu-
tionary models are myopic and boundedly rational, our model has forward-
looking, rational agents. Combined with a dynamic environment with fric-
tions, this allows the possibility that self-fulfilling beliefs upset strict Nash
equilibria, yielding a strong equilibrium selection property. Indeed, Matsui
and Matsuyama (1995) demonstrate that in 2 x 2 coordination games, the
society can escape from the risk-dominated equilibrium to the risk-dominant
equilibrium but not vice versa, provided that the friction is sufficiently small.
The purpose of this paper is to characterize the behavior of the perfect fore-
sight dynamics for supermodular games and to derive equilibrium selection
criteria, thereby providing a link between ours and other approaches. In
particular, we show that for games with monotone potentials (Morris and
Ui (2002)), our selection coincides with that from the incomplete informa-
tion approach due to Kajii and Morris (1997). On the other hand, there are
also disagreements, e.g., in unanimity games with more than two players,

!For studies in the context of development economics, see Matsuyama (1991, 1992) and
Kaneda (1995).



the selection criterion based on Nash product (Harsanyi and Selten (1988))
is not supported.

We consider the following framework. The society consists of N large
populations of infinitesimal agents, who are repeatedly and randomly matched
to play an N-player normal form game. There are frictions: each agent must
make a commitment to a particular action for a random time interval. Op-
portunities to revise actions follow Poisson processes which are independent
across agents. The dynamics thus exhibits inertia in that the action distri-
bution in the society changes continuously. Unlike in standard evolutionary
games, each agent forms his belief about the future path of the action distri-
bution and, when given a revision opportunity, takes an action to maximize
his expected discounted payoff. A perfect foresight path is defined to be a
feasible path of the action distribution along which each agent takes a best
response against this path itself. While a stationary state of this dynam-
ics corresponds to a Nash equilibrium of the stage game, there may exist a
perfect foresight path that escapes from a strict Nash equilibrium when the
degree of friction, defined as the discounted average duration of the com-
mitment, is sufficiently small. We say that a Nash equilibrium state z* is
absorbing if for every initial state close enough to z*, any perfect foresight
path must converge to x*; z* is globally accessible if for any initial state,
there exists a perfect foresight path converging to z*.2 Our equilibrium se-
lection criterion requires a Nash equilibrium to be uniquely absorbing and
globally accessible for any small degree of friction.

Several selection results based on the perfect foresight dynamics have
been obtained so far. Matsui and Matsuyama (1995) demonstrate that in
2 x 2 coordination games, a strict Nash equilibrium is absorbing and globally
accessible for any small degree of friction if and only if it is the risk-dominant
equilibrium. Beyond 2 x 2 games, Oyama (2002) appeals to the notion of
p-dominance to identify (in a single population setting) a class of games
where one can explicitly characterize the set of perfect foresight paths rel-
evant for stability considerations, showing that a p-dominant equilibrium
with p < 1/2 is selected.® Hofbauer and Sorger (2002) and Kojima (2003)
obtain related results based on other generalizations of the risk-dominance
concept in a multiple population setting.* Hofbauer and Sorger (1999, 2002)
establish the selection of the unique potential maximizer for potential games,
both in a single population setting and in a multi-population setting. Their

2Since there may exist multiple perfect foresight paths for a given initial state, it is
possible that a state is globally accessible but not absorbing. Indeed, we provide an
example where there exist multiple globally accessible states when the friction is small;
by definition, none of them is absorbing.

3Tercieux (2003) considers set-valued stability concepts and obtains a similar result.

4Kim (1996) establishes a similar result for games with many identical players and two
actions. He also shows that for those games, the same selection criterion arises in global
games (Carlsson and van Damme (1993)), whereas it differs from the one derived from the
stochastic evolutionary models of Kandori, Mailath, and Rob (1993) and Young (1993).



results rely on the relationship between the perfect foresight paths and the
solutions to an associated optimal control problem as well as the Hamilto-
nian structure that the dynamics has when the stage game is a potential
game.

In this paper, we develop methods of analysis based on monotonicity and
comparison. An underlying observation is that a perfect foresight path is
characterized as a fixed point of the best response correspondence defined on
the set of feasible paths. We show that if the stage game is supermodular,
this correspondence is monotone with respect to the partial order over feasi-
ble paths induced by the stochastic dominance order. We then compare the
perfect foresight paths of two different stage games that are comparable in
terms of best responses and show the following analogue to the comparison
theorem from the theory of monotone dynamical systems (Smith (1995)).°
If at least one of the two games is supermodular, then the order of best
responses between the games is preserved in the perfect foresight dynamics.
This fact allows us to transfer stability properties from one game to the
other.

We proceed to apply our monotone methods to identify the unique Nash
equilibrium that is absorbing and globally accessible for a small friction for
some classes of games with monotone properties. First, we study the class
of games with monotone potentials introduced by Morris and Ui (2002),
who show that a monotone potential maximizer (MP-maximizer) is robust
to incomplete information (Kajii and Morris (1997)).% A normal form game
has a monotone potential if it is comparable (in terms of best responses) to
a potential game. By invoking the potential game results due to Hofbauer
and Sorger (2002), we show that if the stage game or the monotone potential
is supermodular, then an MP-maximizer is globally accessible for any small
degree of friction, and a strict MP-maximizer is absorbing for any degree of
friction. As a corollary, this implies that a (strict) p-dominant equilibrium
with ), p; < 1 is selected under the perfect foresight dynamics.

We then explore the class of binary supermodular games, for which
we obtain complete characterizations for absorption and for global acces-
sibility. These characterizations are applied to three subclasses. First, for
unanimity games, we show that our selection criterion is not in agreement

®Hofbauer and Sandholm (2002) show that when the underlying game is supermodular,
the perturbed best response dynamics forms a monotone dynamical system. The perfect
foresight dynamics, on the other hand, cannot be considered as a dynamical system due
to the multiplicity of perfect foresight paths.

5More generally, Morris and Ui (2002) show that a generalized potential maximizer is
robust to incomplete information. A monotone potential induces a generalized potential
in the case considered here. Frankel, Morris, and Pauzner (2003) show that under cer-
tain conditions, a local potential maximizer (LP-maximizer) is selected in global games
with strategic complementarities. In games with marginal diminishing returns, an LP-
maximizer is an MP-maximizer.



with that in terms of Nash product.” In fact, the perfect foresight dy-
namics fails to select a single Nash equilibrium for some unanimity games.
A nondegenerate example (Example 5.2.1 in Subsection 5.2) demonstrates
that the two strict Nash equilibria are mutually accessible, actually glob-
ally accessible, for a small friction. Second, for games with linear incentives
(Selten (1995)), we find a connection to the concept of spatial dominance
due to Hofbauer (1999). It is shown that if a strict Nash equilibrium is glob-
ally accessible under the perfect foresight dynamics with a small friction,
then it is spatially dominant. This implies in particular that for (generic)
games with linear incentives, a globally accessible equilibrium is unique if
it exists. Third, we introduce the class of games with invariant diagonal,
in which all players receive the same payoffs when they all play the same
mixed strategy. For this class of games, we obtain the generic existence of
an absorbing and globally accessible equilibrium for a small friction.

The concept of perfect foresight path requires that agents optimize against
their beliefs about the future path of the action distribution and that those
beliefs coincide with the actual path. Relaxing the latter requirement,
Matsui and Oyama (2002) introduce the model of rationalizable foresight
dynamics, where while the rationality of the agents as well as the struc-
ture of the society is common knowledge, beliefs about the future path are
not necessarily coordinated among the agents. It is instead assumed that
the agents form their beliefs in a rationalizable manner: in particular, they
may misforecast the future. A rationalizable foresight path is a feasible path
along which each agent optimizes against another rationalizable foresight
path. We show that in supermodular games, an absorbing and globally ac-
cessible state is the unique state from which no rationalizable foresight path
escapes. That is, our equilibrium selection results for supermodular games
also hold under the less demanding assumption of rationalizable foresight.

The paper is organized as follows. Section 2 introduces the perfect fore-
sight dynamics for general finite N-player games and provides a character-
ization of perfect foresight paths as the fixed points of the best response
correspondence defined on the set of feasible paths. Section 3 studies mono-
tone properties of the perfect foresight dynamics and proves our comparison
theorem. It also examines the relationship between the stability concepts
under perfect foresight and those under rationalizable foresight. Section 4
considers games with monotone potentials and establishes the selection of
MP-maximizer. Section 5 gives complete characterizations for absorption
and global accessibility of strict Nash equilibria in binary supermodular
games. Detailed analyses are conducted for unanimity games, games with
linear incentives, and games with invariant diagonal. Section 6 concludes.

"Hofbauer (1999) shows that in unanimity games, the Nash equilibrium with the higher
Nash product is selected in his spatio-temporal model.



2 Perfect Foresight Dynamics

2.1 Stage Game

Let G = (1, (Ai)ier, (ui)icr) be a normal form game with N > 2 players,
where I = {1,2,..., N} is the set of players, A; = {0,1,...,n;} the finite
set of actions for player i € I, and u;: [[;c; Ai — R the payoff function for
player i. We denote [[;c; 4; by A and [, ; 4; by A—;.

Denote by R4 the set of all nonnegative real numbers and by R4 the
set of all positive real numbers. The set of mixed strategies for player 7 is
denoted by

A(A,) = {xz = (:z:ig,:cﬂ, . ,xmi) c R:L_Hrl ‘ ZheAi Tip = 1},

which is identified with the n;-dimensional simplex. We sometimes iden-
tify each action in A; with the element of A(A;) that assigns one to the
corresponding coordinate. The polyhedron [, ; A(A4;) is a subset of the n-
dimensional real space endowed with the sup norm |-|, where n = >, ;(n; +
1). For z € [[, A(A;) and € > 0, B:(x) denotes the e-neighborhood of
relative to [[; A(A4;), i.e., Be(z) = {y € [[; A(4) ||y — z| < €}
Payoff functions u;(h, -) are extended to [, ,; A(4;), and u;(+) to [

T s S [

a_;€EA_;
for z_; € [, A(4;), and

ui(z) = Z zipui(h, ;)

heA;

jel A(Aj),

for x € J[;c; A(4;). Let bri(z_;) be the set of best responses to z_; €
1. A(4;) in pure strategies, i.e.,

bri(z_;) = argmaxu;(h, z_;)
heA;
={h € A;|ui(h,z_;) > uj(k,z_;) for all k € A;}.
An element z* € [], A(4;) is a Nash equilibrium if for all ¢ € I and all
h € Ai,
xh, > 0= h e bri(z*)),

and x* is a strict Nash equilibrium if for all ¢ € I and all h € A;,
xl > 0= {h} = bri(z*;).

Let A(A_;) be the set of probability distributions on A_;. We some-
times extend u;(h,-) to A(A—;). For m; € A(A_;), we write u;(h,m;) =
Za,ieA,i mi(a—i)ui(h,a_;) and br'(m;) = argmaxye 4, ui(h, m;).

5



2.2 Perfect Foresight Paths

Given an N-player normal form game, which will be called the stage game,
we consider the following dynamic societal game. Society consists of N large
populations of infinitesimal agents, one for each role in the stage game. In
each population, agents are identical and anonymous. At each point in
time, one agent is selected randomly from each population and matched to
form an N-tuple and play the stage game. Agents cannot switch actions
at every point in time. Instead, every agent must make a commitment
to a particular action for a random time interval. Time instants at which
each agent can switch actions follow a Poisson process with the arrival rate
A > 0. The processes are independent across agents. We choose without
loss of generality the unit of time in such a way that A\ = 1.8

The action distribution in population ¢ € I at time ¢ > 0 is denoted by

¢i(t) = (Pio(t), dir (1), . . ., din; (1)) € A(A:),

where ¢, (t) is the fraction of agents who are committing to action h € A;
at time t. Let ¢(t) = (¢1(t), p2(t),...,on(t)) € [[; A(A;). Due to the
assumption that the switching times follow independent Poisson processes
with arrival rate A = 1, ¢;(+) is Lipschitz continuous with Lipschitz constant
1, which implies in particular that it is differentiable at almost all ¢ > 0.
Moreover, its speed of adjustment is bounded: ¢;,(t) > —¢in(t), where
D heA, din(t) = 0. We call such a path ¢(-) a feasible path.

Definition 2.1. A path ¢: Ry — []; A(A;) is said to be feasible if it is
Lipschitz continuous, and for all ¢ € I and almost all ¢ > 0, there exists
a;(t) € A(A;) such that

Gi(t) = ai(t) — ¢i(t). (2.1)

In Equation (2.1), a;(t) € A(A;) denotes the action distribution of the
agents in population ¢ who have a revision opportunity during the short
time interval [t,¢ + dt).

Denote by ® the set of feasible paths for population 4, and let ® = I P’
and ¢~¢ = [T ®J. For z € [[; A(A;), the set of feasible paths starting
from z is denoted by ®, = [[, ®%. For each x € [, A(A;), P, is convex and
compact in the topology of uniform convergence on compact intervals.”?

An agent in population ¢ anticipates the future evolution of the action
distribution, and, if given the opportunity to switch actions, commits to an
action that maximizes his expected discounted payoff. Since the duration of
the commitment has an exponential distribution with mean 1, the expected

8We can alternatively assume as follows. Each agent exits from his population accord-
ing to the Poisson process with parameter A and is replaced by his successor. Agents make
once-and-for-all decisions upon entry, i.e., one cannot change his action once it is chosen.
90ne can instead use the topology induced by the discounted sup norm.



discounted payoff of committing to action h € A; at time ¢ with a given
anticipated path ¢ € ® is represented by

0o rt+s
Vin(9)(t) = (1 +6) /0 /t e_G(Z—t)ul.(h’ b_i(2))dze %ds

—(1+6) / 0G0y, (h, §_i(s)) ds,

where 6 > 0 is a common rate of time preference. We view 6 as the degree
of friction. Note that V is well-defined for 8 > —1.

Given a feasible path ¢ € ®, let BR'(¢)(t) be the set of best responses
in pure strategies to ¢_; = (¢;) 2 at time ¢, i.e.,

BR!(6)(1) = argmax Vi () 1.

Note that for each i € I, the correspondence BR': & x Ry — A; is upper
semi-continuous since V; is continuous.

A perfect foresight path is a feasible path along which each agent opti-
mizes against the correctly anticipated future path.

Definition 2.2. A feasible path ¢ is said to be a perfect foresight path if
foralli e I, all h € A;, and almost all ¢ > 0,

bin(t) > —¢in(t) = h € BRY($)(t). (2.2)

Note that ¢ (t) > —du(t) (ie., ain(t) > 0 in (2.1)) implies that action
h is taken by some positive fraction of the agents in population ¢ having a
revision opportunity during the short time interval [¢, ¢+ dt). The definition
says that such an action must be a best response to the path ¢ itself.

2.3 Best Response Correspondence

For a given initial state = € [[, A(A;), a best response path for population
i to a feasible path ¢ € ®, is a feasible path 1; € ®. along which every
agent takes an optimal action against ¢. This defines the best response
correspondence (3%: ®, — ® which maps each feasible path ¢ € ®, to the
set of best response paths for population i:

Bi(p) = {hs € B |hin(t) > —in(t) = h € BRU(p)(t) a.e.}. (2.3)

Let 8,: @, — @, be defined by 3,(¢) = [[; BL(¢). We denote by 3: & — &
the extension of 3, to @, i.e., 3(¢) = By(0)(¢) for ¢ € P.

A perfect foresight path ¢ with ¢(0) = z is a fixed point of §,: &, —
D, ie., ¢ € B.(¢p). The existence of perfect foresight paths follows, due
to Kakutani’s fixed point theorem, from the fact that (3, is a nonempty-,
convex-, and compact-valued upper semi-continuous correspondence. This
fact can be shown by either of the two characterizations given below.



Remark 2.1. For a given feasible path ¢ € ®,, a best response path ¢ €
Bz () is a Lipschitz solution to the differential inclusion

Y(t) € F(o)(t) —¥(t) ae,  ¢(0)=u, (2.4)
where F': & x Ry — [[; A(4;) is defined by
Fi(¢)(t) = {o; € A(A;) |y, > 0= h € BRY(¢)(t)}, (2.5)

which is the convex hull of BR*(¢)(t). Since F(#)(-) is convex- and compact-
valued, and upper semi-continuous, the existence theorem for differential
inclusions (see, e.g., Aubin and Cellina (1984, Theorem 2.1.4)) implies the
nonemptiness of the set of solutions, 3;(¢). The convexity of 3,(¢) is obvi-
ous. Furthermore, we can show that (3,(¢) is compact and depends upper
semi-continuously on ¢. For these properties of 3., we only need the upper
semi-continuity of BR?, which is in turn implied by the continuity of V;.

Lemma 2.1. B, is compact-valued and upper semi-continuous.

Proof. Since the values are contained in the compact set ®,, it is sufficient
to show that 3, has a closed graph. Let {¢*}2°, and {¢*}2° | be such that
YF € By(¢F), and assume that ¢F — ¢ and * — ¢ as k — oco. Take any
1€, heA;, and t > 0 such that ¢ih(t) > —1;p(t). We want to show that
h € BRY(¢)(1).

Observe that for any € > 0, there exists k such that for all k& > k,

OF, () > =0k, ()

for some t, € (t —e,t +¢). Take a sequence {g¢}7°, such that e, > 0
and ¢, — 0 as £ — oo. Then, we can take a subsequence {wké}g’il of
{¢*}%2, such that wf,f (te) > —wf,f (t¢) holds for some ty € (t — &4, +¢4). By
assumption, h € BR*(¢*)(t,) for all . Now let £ — oo. Since BR'()() is
upper semi-continuous, we have h € BR'(¢)(t). 1

Remark 2.2. The correspondence 3. is actually the best response correspon-
dence for an associated differential game, as constructed in Hofbauer and
Sorger (2002). With the stage game G, the discount rate § > 0, and an
initial state = € [], A(A;) given, the associated differential game is an N-
player normal form game in which the set of actions for player i € I is ®
and the payoff function for player ¢ is given by

o) = [T o). (2.6)

As shown by Hofbauer and Sorger (2002), the perfect foresight paths are
precisely the Nash equilibria of this game, due to the following fact.



Lemma 2.2. For a feasible path ¢ € ®,,

BL(¢) = arg max J; (15, d—;).

YiEPL
Proof. Follows from Lemma 3.1 in Hofbauer and Sorger (2002). |

The continuity of J;, the quasi-concavity of J;(-, ¢_;), and the compact-
ness of ®¢ therefore imply the desired properties of L.

2.4 Stability Concepts

The constant path ¢ given by ¢(t) = 2* € [[, A(4;) for all t > 0 is a perfect
foresight path if and only if z* is a Nash equilibrium of the stage game.
Nevertheless, there may exist another perfect foresight path starting at x*
which converges to a different Nash equilibrium, that is to say, self-fulfilling
beliefs may enable the society to escape from a Nash equilibrium. When the
degree of friction # > 0 is sufficiently small, this may happen even from a
strict Nash equilibrium. In fact, in 2 X 2 coordination games, there exists
a perfect foresight path from the risk-dominated equilibrium to the risk-
dominant equilibrium for small > 0, but not vice versa. This motivates
the following stability concepts.

Definition 2.3. (a) z* € [[, A(A;) is absorbing if there exists € > 0 such
that any perfect foresight path from any = € B.(x*) converges to z*.

(b) z* € [[, A(4;) is accessible from x € [[; A(A;) if there exists a
perfect foresight path from x that converges to x*. x* is globally accessible
if it is accessible from any zx.

By definition, if x* is absorbing, then no perfect foresight path escapes
from z*; if in addition, z* is globally accessible, then it is the unique ab-
sorbing state. If a globally accessible state is also absorbing, then it is the
unique globally accessible state.

A globally accessible state is not necessarily absorbing, as there are gen-
erally multiple perfect foresight paths from a given initial state. We present
a (nondegenerate) example in Subsection 5.2 (Example 5.2.1) that has two
globally accessible states for a small degree of friction; by definition, none
of them is absorbing.

Any absorbing or globally accessible state is a Nash equilibrium of the
stage game, which follows from the proposition below.

Proposition 2.3. If z* € [[, A(A;) is the limit of a perfect foresight path,
then x* is a Nash equilibrium.

Proof. Suppose that 2* is the limit of a perfect foresight path ¢*. Let é be
the constant path at x*, i.e., ¢(t) = x* for all t > 0. Let ¢’ be the feasible



path defined by ¢'(s) = ¢*(s +t) for all s > 0. Then, {¢'};>0 converges to
(1_5 as t — oo.

Take any ¢ € I and any h € A; with z7, > 0. Then, there exists a
sequence {t;}3°, such that ¢, — oo as k — oo and h € BR'(¢*)(t) =
BR'(¢%*)(0) for any k since ¢* is a perfect foresight path that converges
to 2*. Let k — oo. By the upper semi-continuity of BR*(-)(0), we have
he BRI($)(0) = bri(a®,). I

3 Supermodularity and Monotonicity

Supermodular games are games in which actions are ordered so that each
player’s marginal payoff to any increase in his action is nondecreasing in
other players’ actions. In this section, we first identify monotone properties
of the perfect foresight dynamics for supermodular stage games. In partic-
ular, we show the monotonicity of the best response correspondence 3 with
respect to a partial order on ® induced by the stochastic dominance relation
over mixed strategies. We then prove a comparison theorem for the perfect
foresight paths associated with two different stage games that are compa-
rable in terms of best responses. This theorem implies that if either of the
two games is supermodular, then one game inherits stability properties from
the other. Finally, we show that for supermodular games, stability under
perfect foresight is equivalent to that under rationalizable foresight (Matsui
and Oyama (2002)).

3.1 Supermodular Games

For x;,y; € A(A;), we write x; 3 y; if y; stochastically dominates z;, i.e.,
T Mg
Z T < Z Yik
k=h k=h

for all h € A;. For z,y € [[; A(A;), we write x Jy if x; S y; foralli € I
and x_; 3 y—; if x; 3 y; for all j # i. Moreover, we define ¢; 3 1; for
bi, ;i € D by ¢i(t) 2 (t) for all t > 0; ¢ 3 4 for ¢,p € ® by ¢; =X 1y for
all i € Iy and ¢_; 3 ¢ for i, € ®~" by ¢; 3 ¢; for all j #i. Note
that if ¢(0) = ¥(0) and ¢(t) + ¢(t) =3 (t) + 1(t) for almost all ¢ > 0, then
¢ 2.

The game G is said to be supermodular if whenever h < k, the difference
ui(k,a—;) —u;(h,a_;) is nondecreasing in a_; € A_;, i.e., if a_; < b_;, then

ul(k, a,i) — ul(h, a,i) § ul(k, bfl) — ul(h, bfl)

It is well known that this property extends to mixed strategies: if h < k and
—i Z Y—i, then

ui(k,z—;) — ui(h, ;) < wi(k,y—i) — ui(h, y—i).
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The expected discounted payoff function V; preserves this property, implying
that BR® is monotone with respect to the partial order on ®.

Lemma 3.1. Suppose that the stage game is supermodular. For ¢,¢ € &,
if o—; Sy, then for alli € I and allt > 0,

Vik(#) () — Vin(9)(t) < Vir(¥)(t) — Vin(¥)(?)
for h <k, and

min BRY(4)(t) < min BR*(¢))(t),
max BR(¢)(t) < max BR*(¢)(t).

Proof. Suppose ¢_; 2 1_; and fix any ¢. If k£ > h, then
Vik(#)(t) — Vin(¢)(t)
= (1+96) / 006 (uy(h, 6_i(5) — ui(h, 6i(s))} d
t

< (140) [ e I i pi(9) — il () ds
= Vit () (t) = Vin(¥)(2).
Next, let & = min BR*(¢)(t). For any h < k,

Vie () (t) — Vin (1) () = Vie()(t) — Vin(o)(t) > 0

since h ¢ BR'(¢)(t). Hence, if £ € BRZ( )(t), then £ > k = min BR*(¢)(t).
We thus have min BR'(v)(t) > min BR'(¢)(t).

The other claim that max BR'(¢)(t) < max BR'(1))(t) can be proved
similarly. |

The next proposition establishes the monotonicity of the best response
correspondence 3' over ®. For ¢ € @, a feasible path ¢; € 3'(¢) is the
smallest element of 3(¢) if ¢; 3 ¢ for all ¢; € B'(¢), and ¢ € B (¢) is
the largest element of 3%(¢) if ¢} 3 ¢; for all ¢} € B¢(¢).

Proposition 3.2. Suppose that the stage game is supermodular. For ¢ € &,
B (¢) has the smallest element min 3°(¢) and the largest element max 3(¢).

If $i(0) 2 ¥i(0) and ¢—; 3 Y, then
min 3'(¢) 3 min 5 (¢)),
) 3

max (¢) 3 max 5 ().
Proof. Take ¢ and 9 such that ¢;(0) = z;, ¥;(0) = y;, ; 2 yi, and ¢p—; 3
¢_;. First, we construct ¢; = min 3°(¢); the construction of max 3*(¢) is

similar. Define 4
(t) = min BRI(9)(¢),
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where the right hand side is considered as a mixed strategy. Note that «; is
lower semi-continuous, and hence, measurable, since BR'(¢)(-) is an upper
semi-continuous correspondence. Then, the unique solution ¢; to

br (1) = ai(t) — ¢y (1) ae, ¢, (0) =
is given by
t
- — -t 5 s—t ; d .
¢; (t) ex+/oe a;(s)ds

By construction, ¢; € B%(¢), and ¢; =X ¢ for all ¢} € B'(¢), i.e., ¢; is the
smallest element of 3%(¢).
On the other hand, any path v} € 8*(3) is given by

¢
Vi(t) = ety —|—/ estal(s) ds
0

for some of: Ry — A(A;) such that of(t) € F;(¢)(t) for almost all ¢ > 0,
where F;(1)) is defined by (2.5). Since ¢_; 31—, it follows from Lemma 3.1
that

min BR'(¢)(t) < min BR'(4))(t),

and hence, «;(t) 3 af(t) for almost all ¢. Together with the assumption
that z; X y;, this implies that ¢; =3 ¢, thereby completing the proof of
wmin §(¢) < min (¢). 1

3.2 Comparison Theorem

Fix the set of players, I, and the set of action profiles, A. Consider two
games G = (I, (Aj)ier, (wi)ier) and G’ = (I, (Ay)ier, (vi)ier) satisfying that
for all i € I and all m; € A(A_;),

min brf,i(m-) < min brii(m), (3.1)
or that for all ¢ € I and all m; € A(A_;),
max brfji (m;) < max brii (73), (3.2)

where brii(m) and brf,i (m;) are the sets of best responses to m; in games G
and G’, respectively. In this subsection, we study the relationship between
the perfect foresight paths for the stage game G and those for G’. Note that
the state space [[; A(A;) is common in both cases. We will show that if
G or G’ is supermodular, then the perfect foresight dynamics preserves the
order of best responses between G and G’, and therefore, G inherits stability
properties from G'.

To specify the payoff functions, we denote by BR! (¢)(t) (BR. (¢)(t),
resp.) the set of best responses for an agent in population i to a feasible
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path ¢ at time ¢ when the stage game is G (G
be written as

, resp.). Note that this can

BR,, (¢)(t) = bre,, (mi(6))
with a probability distribution 7¢(¢) € A(A_;) which is given by

(6 (as) = (1+6) / % —(0)(s-) (H#i Dy (s) ) ds.

t

Thus, if (3.1) is satisfied, then for any ¢ € ® and any ¢ > 0,

win BR!,(6)(t) < min BRL, (6)(1), (3.3)
while if (3.2) is satisfied, then for any ¢ € ® and any ¢ > 0,

max BRii (¢)(t) < max BRZZ, (P)(1). (3.4)

The following lemma is a key to our comparison theorem. The proof
relies on a fixed point argument together with the monotonicity of BR".

Lemma 3.3. Let z,y € [[; A(A4;) be such that y = .

(a) Suppose that G and G' satisfy (3.1) and that G or G’ is supermodular.
If a feasible path ¢ € ®, satisfies that for alli € I, all h € A;, and almost
all t >0,

Gin(t) > —din(t) = h > min BR;, (9)(t), (3.5)
then there exists a perfect foresight path ¢* € ®, for G' such that * 3 ¢.

(b) Suppose that G and G’ satisfy (3.2) and that G or G’ is supermodular.

If a feasible path +p € ®, satisfies that for all ¢ € I, all h € A;, and almost
allt >0, '

Vin(t) > —in(t) = h < max BR;, (¥)(t), (3.6)

then there exists a perfect foresight path ¢* € ®, for G such that i 2 ¢*.

Proof. We only show (a). Given z,y € [[, A(4) with y S 2 and ¢ € @,
satisfying (3.5), define the convex and compact subset ®, C ®, to be

o, ={ved, v 3o}

Let Bg be the best response correspondence for the stage game G’. We
define a convex- and compact-valued and upper semi-continuous correspon-
dence Bg: &, — @, by

B (¥) = Bar () N ci)y (ye (i)y)

We want to show that B (¢) is nonempty for any ¢ € i)y. Then, it
follows from Kakutani’s fixed point theorem that ¢ has a fixed point
v* € B (¥*) C @, which is a perfect foresight path for G’ and satisfies

V3¢
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For ¢ € i)y, take any i € I, h € A;, and t > 0 such that (;'Sz-h(t) > —in(t).
If G is supermodular, then

h > min BR}, (¢)(t) > min BR!, (¢)(t) > min BR}, (¥)(t),

where the second inequality follows from the supermodularity of G and
Lemma 3.1, and the third inequality follows from the assumption of (3.1).
If G’ is supermodular, then

h > min BR!, (¢)(t) > min BR!, (¢)(t) > min BR!, (¢)(t),

where the second inequality follows from the assumption of (3.1), and the
third inequality follows from the supermodularity of G’ and Lemma 3.1.
Therefore, in each case, we have

h > min BR}, (1)(t)

for all h such that ¢,(t) > — @ (t).
Now let 9" € ®, be given by

/3(t) = min BR, () () = 9j(t) ae,  ¢i(0) =y

for all i € I. By construction, we have ¢ € Bar(¢)). Since ¢/(0) =y 3
r = ¢(0) and /() + P'(t) 3T ¢(t) + ¢(t) for almost all ¢, we also have

' 3 ¢. Therefore, we have 9" € B¢/ (1)), which implies the nonemptiness of

Ber (). 1

As a corollary, we have the following result, which is an analogue to the
well-known comparison theorem from the theory of differential equations
(Walter (1970)) or monotone (cooperative) dynamical systems (Smith (1995)).

Theorem 3.4. Let x,y € [[, A(4;) be such that y 3 .

(a) Suppose that G and G’ satisfy (3.1) and that G or G’ is supermodular.
For any perfect foresight path ¢* for G with ¢*(0) = x, there exists a perfect
foresight path * for G' with ¢*(0) =y such that * 3 ¢*.

(b) Suppose that G and G’ satisfy (3.2) and that G or G’ is supermodular.
For any perfect foresight path 1* for G' with 1*(0) = y, there exists a perfect
foresight path ¢* for G with ¢*(0) = = such that ¥* = ¢*.

Suppose that G or G’ is supermodular. This theorem implies that if G
is comparable (in terms of best responses) to G’, then G inherits stability
properties from G’. First, assume that G and G’ satisfy (3.1) and that action
profile max A = (n;);es is absorbing in G’. Take any state x € B.(max A)
for a sufficiently small € > 0 and any perfect foresight path ¢* for G with
¢*(0) = x. By Theorem 3.4(a), there exists a perfect foresight path ¢* for
G’ with ¥*(0) = z such that ¢* X ¢*. By the assumption that max A is
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absorbing in G’, {* converges to max A, so that ¢* also converges to max A.
This implies that max A is absorbing in G as well.

Second, assume that G and G’ satisfy (3.2) and that max A is globally
accessible in G’. Take any state z € [[, A(4;). By the assumption that
max A is globally accessible in G’, there exists a perfect foresight path *
for G’ with ¢*(0) = x that converges to max A. By Theorem 3.4(b), there
exists a perfect foresight path ¢* for G with ¢*(0) = z such that ¥* 3 ¢*.
Since 1* converges to max A, ¢* also converges to max A. This implies that
max A is globally accessible in G as well.

Note that by reversing the orders of actions, the above arguments can
be applied to min A.

A candidate for the game G’ is a potential game. Such a case is consid-
ered, with some refinement, in Section 4.

Lemma 3.3 with G’ = G (i.e., v; = u; for all i € I) yields the following
corollary. We say that a feasible path ¢ is a superpath if

Gin(t) > —din(t) = h > min BR'($)(¢) (3.7)

for all ¢ € I, all h € A;, and almost all ¢ > 0; a feasible path v is a subpath
if

Uin(t) > —bin(t) = h < max BR'(1)(t) (3.8)
for all ¢ € I, all h € A;, and almost all ¢ > 0.

Lemma 3.5. Suppose that the stage game is supermodular. Let x,y €
[, A(A;) be such that y 3 .

(a) If there exists a superpath ¢ with ¢(0) = x, then there exists a perfect
foresight path * with 1¥*(0) =y such that ¥* 3 ¢.

(b) If there exists a subpath v with 1(0) =y, then there exists a perfect
foresight path ¢* with ¢*(0) = z such that ¢ 3 ¢*.

This lemma is used in Section 5 as well as in the following.

Proposition 3.6. Suppose that the stage game is supermodular. If x* €
[1; A(A;) is absorbing, then it is a strict Nash equilibrium.

Proof. In light of Proposition 2.3, it is sufficient to show that any Nash equi-
librium that is not a strict Nash equilibrium is not absorbing. Suppose that
x* is a non-strict Nash equilibrium. We show the existence of an escaping
path from z*.

Let a) (a?, resp.) be the smallest (the largest, resp.) in br’(z*,) for
each player 4, and let @’ = (a});er and a” = (a);es, which are considered as
mixed strategy profiles. Note that ' = 2* = @” and, by the definition of a
non-strict Nash equilibrium, a’ # a”, so that either a’ or a” is different from

x*. Let us assume that o’ # z*.

15



Now denote by gZ;'the constant path such that #(t) = z* for all t. Note
that BR'(¢)(t) = br'(z*,;), so that min BR'(¢)(t) = a for all t. Let ¢ be
the feasible path starting from z* and converging linearly to d/, i.e.,

o(t) =etz* + (1 —e)d.

This path satisfies ¢ < ¢, ¢ # ¢, and Q.bz‘h(t) > —¢in(t) only for h = aj. We
also have o .
al = min BR(G)(®) > min BR(6)(1),

where the inequality follows from Lemma 3.1. This means that ¢ is a super-
path. Therefore, it follows from Lemma 3.5 that there exists a perfect
foresight path * from z* such that ¥* = ¢, which does not converge to
A |

A globally accessible state need not be a strict Nash equilibrium in gen-
eral. Even for the class of strict supermodular games, there are degenerate
games where a non-strict, pure-strategy Nash equilibrium is globally accessi-
ble. In the game given by Figure 1, the non-strict Nash equilibrium (0,1) is
globally accessible for any degree of friction. It is an open problem whether
every globally accessible state must be a pure Nash equilibrium in generic
supermodular games.

Figure 1: Globally accessible, non-strict Nash equilibrium

3.3 Stability under Rationalizable Foresight

The concept of perfect foresight path requires that agents maximize their
future discounted payoffs against their beliefs about the future path of the
action distribution and that those beliefs coincide with the actual path. Re-
laxing the latter requirement, Matsui and Oyama (2002) introduce the model
of rationalizable foresight dynamics. In this model, while the rationality of
agents as well as the structure of the society is common knowledge, beliefs
about the future path are not necessarily coordinated among agents. It is
instead assumed that agents form their beliefs in a rationalizable manner:
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in particular, they may misforecast the future. In this subsection, we con-
sider stability under the rationalizable foresight dynamics and show that in
supermodular games, an absorbing and globally accessible state under the
perfect foresight dynamics is uniquely absorbing under the rationalizable
foresight dynamics as well.

Following Matsui and Oyama (2002), we define rationalizable foresight
paths as follows. First let ¥ be the set of all feasible paths, ®. Then for
each positive integer k, define ¥* to be

U= {p eV |Viel, Vhed;, aat>0: [hin(t) > —Pu(t)
= 3¢ € UL/ (s) = op(s) Vs € [0,t] and h € BR'(¢)(1)] }.

Along a path in ¥*, an agent with a revision opportunity at time ¢ takes a
best response to some path in U*~! while knowing the past history up to
time ¢.10

Definition 3.1. Let ¥* = (72, U*. A path in U* is a rationalizable fore-
stght path.

Our concept of rationalizable foresight path differs from rationalizability
in the associated differential game defined in Remark 2.2. The former incor-
porates the feature of societal games that different agents in a population
can have different beliefs and a single agent can have different beliefs at
different revision opportunities, while for the latter, each population acts as
a single player, who makes his decision only at time zero.

Along every rationalizable foresight path, each agent optimizes against
some, possibly different, rationalizable foresight path. We state this with-
out a proof, as it is essentially the same as Proposition 3.2 in Matsui and
Oyama (2002).

Proposition 3.7. A feasible path ¢ € @ is contained in V* if and only if for
alli € I, all h € A;, and almost all t > 0 such that ¥ (t) > *ﬂ%‘h(t); there
exists ' € U* such that ¢'(s) = 1(s) for all s € [0,t] and h € BR'(¢')(t).

As in a one-shot game, we have the following relationship between perfect
and rationalizable foresight paths. This is verified by observing that every
perfect foresight path is contained in each W,

Lemma 3.8. A perfect foresight path is a rationalizable foresight path.

We define absorption under rationalizable foresight analogously to that
under perfect foresight.!!

9Gince the environment is stationary and BR*(¢)(t) depends only on the behavior of ¢
after time ¢, in the definition of ¥* one can equivalently take ¢’ as a path in W*~! that
only satisfies ¥’ (t) = 9 (¢).

1VWe can also define global accessibility under rationalizable foresight in a similar man-
ner. Due to Lemma 3.8, it is weaker than that under perfect foresight.
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Definition 3.2. z* € [[, A(4;) is absorbing under rationalizable foresight
if there exists € > 0 such that any rationalizable foresight path from any
x € Be(z*) converges to z*.

An absorbing state under rationalizable foresight is also absorbing under
perfect foresight due to Lemma 3.8, but not vice versa in general. See
Examples 3.1 and 4.1 in Matsui and Oyama (2002). For supermodular
games, however, we can show the converse.

Theorem 3.9. Suppose that the stage game is supermodular. Then, x* €
[1; A(A;) is absorbing under rationalizable foresight if and only if it is ab-
sorbing under perfect foresight.

Therefore, in supermodular games, an absorbing and globally accessible
state under perfect foresight is the unique state that is absorbing under
rationalizable foresight.

The “if” part of this theorem follows from the lemma below. For x €
[T, A(A)), let UF = ¥* N @, and Ui = 2, ¥X. Note that U% = ¥* N P,
i.e., ¥ is the set of rationalizable foresight paths from z.

Lemma 3.10. Suppose that the stage game is supermodular. Then, U7,
has the smallest and the largest elements, and these elements are perfect
foresight paths.

Proof. We show that U} has the smallest element and that it is a perfect
foresight path. Let ¢° be the smallest feasible path from  (i.e., the linear
path from z to min A) and ¢* the smallest best response path to ¢*~!, which
is given by

¢r(t) = min BRY(¢*)(t) — ¢f(t) ae,  ¢F(0) = ;.

Then, {(bk}zozo is an increasing sequence in the compact set ®,, so that
{qbk}zozo converges to some ¢* € ®,. By the upper semi-continuity of 3,, ¢*
is a perfect foresight path, and hence, an element of ¥} by Lemma 3.8.

It suffices to show that ¢* is a lower bound of ¥*. Let us show that ¢F
is a lower bound of W¥ (C Wk) for all k. Then, it follows that the limit ¢* is
also a lower bound of U}.

First, ¢V is a lower bound of ¥2. Then, suppose that ¢*1 is a lower
bound of WA=, Fix any 1) € ¥¥ and take any i and any t such that d)f
and v; are differentiable at t. For any h such that v, (t) > —tbi(t), we
have h € BR'(¢')(t) for some v/ € WF~1. Since ¢¥~! < ¢ by assumption, it
follows from the supermodularity and Lemma 3.1 that min BR*(¢*~1)(t) <
min BR'(¢/)(t) < h. Therefore, we have ¢¥(t) + ¢¥(t) =< i(t) + i (t) for
almost all ¢, which implies that ¢¥ < 1. Hence, ¢* is a lower bound of U*. |

Proof of Theorem 3.9. “If” part: Take any rationalizable foresight path
from x sufficiently close to z*. By Lemma 3.10, there exist perfect foresight
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paths ¢ and ¢’ from x such that ¢ 2 ¢ 3 ¢'. If 2* is absorbing under perfect
foresight, then both ¢ and ¢’ converge to z*, and therefore, v also converges
to z*.

“Only if” part: Follows from Lemma 3.8. |

Remark 3.1. All the results in this section, as well as Lemma 2.1, hold under
more general settings (after appropriate modifications of replacing “¢p_; <
Y_” with “¢ <47, and br® with BR?) where V;(-)(-): ® x R, — R™T! s
continuous and V;(+)(¢): ® — R™*! is supermodular, i.e., if ¢ =X 9, then

Vik(9)(t) — Vin(9)(t) < Vie(¥)(t) — Vin()(2)

for £ > h. Examples of such functions include the expected discounted pay-
offs induced by the stage game where the payoff to an agent in population ¢
taking action h € A; is given by a continuous function g;,: [[; A(4;) — R.
Note here that the payoff function for an agent in population ¢ may depend
on the action distribution within population ¢ itself and may not be N-linear
in [[; A(A;). Such payoff functions can describe random matching models
within a single population, considered in Matsui and Matsuyama (1995),
Hofbauer and Sorger (1999), and Oyama (2002), as well as models with non-
linear payoffs, considered in Matsuyama (1991, 1992) and Kaneda (1995).
In alternative settings, V; may depend on the past behavior of ¢.

4 Games with Monotone Potentials

This section applies the monotonicity argument developed in the previ-
ous section to games with monotone potentials introduced by Morris and
Ui (2002). Suppose that games G and G’ satisfy (3.1) or (3.2). Roughly
speaking, G has a monotone potential if G’ can be chosen as a potential
game, and action profile max A is a monotone potential maximizer of G if
it is the unique potential maximizer of G’. For potential games, Hofbauer
and Sorger (2002) show that the unique potential maximizer is absorbing
and globally accessible for any small degree of friction. Therefore, we can
conclude from Theorem 3.4 and the subsequent discussion that if G or G’
is supermodular, then max A is absorbing (if (3.1) is satisfied) and globally
accessible (if (3.2) is satisfied) for any small degree of friction in the stage
game G.

For the precise definition, which is given in the subsection below, two
remarks are in order. First, when G’ is a potential game, a condition weaker
than both (3.1) and (3.2) is sufficient for the global accessibility result.
Morris and Ui’s (2002) definition of monotone potential employs this weaker
version (Definition 4.1), while (3.1) corresponds to what we call strict mono-
tone potential (Definition 4.2). Second, in order to define the concept for
action profiles a* other than max A or min A, we need to divide the set of
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actions for each player 7 into two parts: the actions below a; and those
above a;.

4.1 Monotone Potential Maximizer

Fix an action profile a* € A. Let A7 = {h € A;|h < a}} and A} =
{h € A;|h > a}}. For a function f: A — R, a probability distribution
mi € A(A_;), and a nonempty set of actions A} C A;, let

brr?}(ﬂ-’L|A;) = argmax f(h) 7ri)7
he A}

where f(h,m;) = ., .ca . mi(a—i) f(h,a—;). We employ the following sim-

plified version of monotone potential.?

Definition 4.1. The action profile a* € A is a monotone potential maxi-
mizer, or an MP-maximizer, of G if there exists a function v: A — R with
v(a*) > v(a) for all a # a* such that for all ¢ € I and all m; € A(A_;),

min brf,(m;|A;) < max brl, (m|A;), (4.1)
and ' '

max bri, (m;|A) > min bri, (m;| A]). (4.2)
Such a function v is called a monotone potential function for a*.

In addition, we introduce a slight refinement of MP-maximizer.!3

Definition 4.2. The action profile a* € A is a strict monotone potential
mazximizer, or a strict MP-mazimizer, of G if there exists a function v: A —
R with v(a*) > v(a) for all a # a* such that for all i € I and all m; € A(A_;),

min br’ (m;|A;) < min brile (mil A7), (4.3)
and ' '
max br, (5| A;F) > max bri, (m|A]). (4.4)
Such a function v is called a strict monotone potential function for a*.
A (strict) MP-maximizer is a (strict) Nash equilibrium. A strict MP-
maximizer is always an MP-maximizer, but the converse is not true. In a
degenerate game (with at least two action profiles) where payoffs are con-

stant for each player, all the action profiles become MP-maximizers, while
none of them is a strict MP-maximizer. For a generic choice of payoffs, an

121 Morris and Ui (2002), a monotone potential function is defined on a given partition
of A.

Y3Morris (1999) introduces a version of MP-maximizer, which is stronger than our con-
cept of strict MP-maximizer: if a* is an MP-maximizer in the sense of Morris (1999), then
it is a strict MP-maximizer, but not vice versa in general.
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MP-maximizer is a strict MP-maximizer. For supermodular games, a strict
MP-maximizer is unique if it exists, due to Theorems 4.1 and 4.2 given
below.

MP-maximizer unifies several existing concepts. A unique weighted po-
tential maximizer is a strict MP-maximizer. A (strict) p-dominant equi-
librium with )7, ;p; < 1 is a (strict) MP-maximizer. For games with
diminishing returns, MP-maximizer reduces to local potential maximizer
(Morris (1999) and Morris and Ui (2002)). See Subsection 4.3 for details.

4.2 Results

For a function f: A — R, a feasible path ¢, and a nonempty set of actions
A; C A;, let

BR(¢|A})(t) = arg max (1 + 0) /Oo e f (R, 6i(s)) ds,
heA; t

where f(h,a—i) = >, .ca (Ijz2i(a;))f(h,a) for z_; € [, A(A;).
Let Gy = (I, (Aj)ier, (v)icr) be the potential game in which all players have
the common payoff function v. We have the following two theorems. Their
proofs are given in the Appendix.

Theorem 4.1. Suppose that the stage game G has an MP-mazximizer a*
with a monotone potential function v. If G or G, is supermodular, then
there exists 0 > 0 such that a* is globally accessible for all 6 € (0,0).

Theorem 4.2. Suppose that the stage game G has a strict MP-maximizer
a* with a strict monotone potential function v. If G or G, is supermodular,
then a* is absorbing for all 6 > 0.

In particular, a strict MP-maximizer is uniquely absorbing (and globally
accessible) for any small degree of friction, if G or G, is supermodular.

Given an MP-maximizer a* and a monotone potential v, observe that
the restricted games Gy = (I, (A; )ier, (v)ier) and G = (I, (A )ier, (v)ier)
are potential games with the unique potential maximizer a*. The proofs of
Theorems 4.1 and 4.2 utilize this observation to apply results on potential
games by Hofbauer and Sorger (2002).

The proofs proceed as follows. Suppose that a* is an MP-maximizer with
a monotone potential function v. Observe (for the case where a* = max A)
that (4.1) is weaker than (3.2). We thus need feasible paths ¢~ and ¢ such
that

gb;(t) =min BR.(¢™|A])(t) — ¢; (1) ae., ¢; (0) = min A;,
¢ (t) = max BRE (¢ |A)(t) — o5 (t) ae., ¢ (0) = max A;
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for all 7 € I, and limy_o ¢~ (¢) = limy_,oc ¢T () = a*. Notice that ¢~ (¢T,
resp.) is a feasible path on [], A(A;) (TT;, A(A}), resp.), and actually a
perfect foresight path for the stage game G, (G}, resp.).

To obtain these paths, we use the fact that if the stage game is a potential
game, then any solution to a certain optimal control problem is a perfect
foresight path, and when the friction 8 > 0 is sufficiently small, it converges
to the potential maximizer a*. Fix such a small #. We show that a minimal
(maximal, resp.) solution to the optimal control problem corresponding to
G, (G, resp.) satisfies the above conditions.

Then, an argument similar to that in the proof of Lemma 3.3 allows us
to show that if G or G, is supermodular, then for any z € [[; A(A4;), there
exists a perfect foresight path ¢* with ¢*(0) = x such that ¢— =X ¢* 3 ¢™.
Since ¢~ and ¢T converge to a*, ¢* also converges to a*. This implies that
a* is globally accessible for a small friction.

Next, suppose that a* is a strict MP-maximizer with a strict monotone
potential function v. Take any perfect foresight path ¢* starting from a
state sufficiently close to a*. As in the proof of Lemma 3.3, we can show
that if G or G, is supermodular, then there exist feasible paths ¢~ and ¢
starting from states sufficiently close to a* such that ¢~ = ¢* < ¢T and that
¢~ and ¢ are perfect foresight paths for the restricted games G, and G,
respectively. Since a*, the potential maximizer of G, and G, is absorbing
in G, and G}, ¢~ and ¢* converge to a*, and therefore, ¢* also converges
to a*. This implies that a* is absorbing.

4.3 Examples
This subsection provides special cases of games with monotone potentials.
For games with no monotone potential, see Examples 5.2.1 and 5.4.1.

4.3.1 p-Dominance

Let p = (p1,...,pn) € [0,1)Y. The notion of p-dominance (Kajii and
Morris (1997)) is a many-player, many-action generalization of risk-dominance.

Definition 4.3. (a) An action profile a* € A is a p-dominant equilibrium
of G if for all i € I, a € br'(m;) holds for all m; € A(A_;) with m;(a*,) > p;.

(b) An action profile a* is a strict p-dominant equilibrium of G if for all
i €I, {a’} = br'(m) holds for all m; € A(A_;) with 7;(a*;) > p;.

A p-dominant equilibrium with low enough p is an MP-maximizer with
a monotone potential function that is supermodular (with appropriate re-
ordering of actions).

Lemma 4.3. If a* is a (strict) p-dominant equilibrium with ), ;p; < 1,
then a* is a (strict) MP-mazimizer with the (strict) monotone potential v
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given by

O
where C(a) ={i € I'|a; = a’}.
Proof. See Appendix. |

By relabeling actions so that af = max A; for all ¢« € I, we can make
v supermodular. Therefore, we have the following result as a corollary to
Theorems 4.1 and 4.2, which generalizes a result for symmetric two-player
games by Oyama (2002, Theorem 3).

Corollary 4.4. (a) A p-dominant equilibrium with ) ;. p; < 1 is globally
accessible for any small degree of friction.

(b) A strict p-dominant equilibrium with ) ;. ;p; < 1 is absorbing for
any degree of friction.

In particular, a strict p-dominant equilibrium with ) ., p; < 1is uniquely
absorbing (and globally accessible) for any small degree of friction.

Remark 4.1. Hofbauer and Sorger (2002) consider the following concept of
1/2-dominance and show that for games with linear incentives, it implies
absorption and global accessibility for small frictions. An action a* € A
is said to be 1/2-dominant if for all i € I, {a’} = br'(x_;) holds for all
z—; € [[;2; A(A;) such that Tjaz > 1/2 for all j # i. For two-player games,
1/2-dominance is equivalent to strict p-dominance with p; < 1/2 for any
i € I, so that Corollary 4.4 covers their result. For games with more than
two players, there is no obvious relation. Note the difference between m; and
z_; in the definitions.

4.3.2 Local Potential Maximizer

We consider a simplified version of local potential maximizer introduced by
Morris and Ui (2002) as well as its refinement.

Definition 4.4. (a) An action profile a* € A is a local potential mazximizer,
or an LP-mazximizer, of G if there exists a function v: A — R with v(a*) >
v(a) for all @ # a* such that for all i € I, there exists a function p;: A; — Ry
such that if h < a}, then for all a_; € A_;,

pi(h) (v(h +1,a-3) = v(h,a—)) < ui(h+1,a-;) —ui(h,a_y),
and if h > aj, then for all a_; € A_;,
pi(h) (v(h = 1,a—;) —v(h,a—;)) < ui(h —1,a—;) — ui(h, a_;).

Such a function v is called a local potential function for a*.

23



(b) An action profile a* is a strict local potential mazimizer, or a strict
LP-mazimizer, of G if there exists a function v: A — R with v(a*) > v(a)
for all a # a* such that for all ¢ € I, there exists a function p;: A; — Ry
such that if h < a}, then for all a_; € A_;,

pi(h) (v(h+1,a-;) —v(h,a—;)) < ui(h+1,a_;) — ui(h,a_;),
and if A > a}, then for all a_; € A_;,

pi(h) (v(h = 1,a-;) —v(h,a—;)) < ui(h —1,a—;) — ui(h,a—;).
Such a function v is called a strict local potential function for a*.

An LP-maximizer is a strict LP-maximizer if one can take strictly posi-
tive numbers for the weights ;.1

The game G is said to have diminishing marginal returns if for all ¢ € I,
all h #0,n;, and all a_; € A_;,

ui(hya—;) —ui(h —1,a-;) > ui(h +1,a-;) — ui(h,a_;).

In games with diminishing marginal returns, the MP-maximizer conditions
reduce to the LP-maximizer conditions.

Lemma 4.5. If the game G has a (strict) LP-mazimizer a* with a (strict)
local potential function v and if G or G, has diminishing marginal returns,
then a* is a (strict) MP-maximizer with the same function v.

Proof. See Appendix. |
We have the following result as a corollary to Theorems 4.1 and 4.2.

Corollary 4.6. (a) Suppose that the stage game G has an LP-mazimizer
a* with a local potential function v. If G or G, has diminishing marginal
returns and if G or G, is supermodular, then a* is globally accessible for
any small degree of friction.

(b) Suppose that the stage game G has a strict LP-mazximizer a* with
a strict local potential function v. If G or G, has diminishing marginal
returns and if G or Gy is supermodular, then a* is absorbing for any degree
of friction.

In particular, a strict LP-maximizer is uniquely absorbing (and glob-
ally accessible) for any small degree of friction, if G or G, has diminishing
marginal returns and G or G, is supermodular.

“Morris (1999) and Frankel, Morris, and Pauzner (2003) give a slightly different defi-
nition of LP-maximizer, which is weaker than strict LP-maximizer.
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4.3.3 Symmetric 3 x 3 Supermodular Games

Consider symmetric 3 x 3 games with three strict Nash equilibria, where
I ={1,2}, Ay = Ay = {0,1,2}, u1(h,k) = ua(k,h) for all h,k € {0,1,2},
and wuy(h,h) > ui(k,h) for all k # h. Assume strict supermodularity, i.e.,
up(h, k) —ui (W' k) > uy(h, k") —uy (b, k') if h > A’ and k > k’. We show
that this class of games generically have a strict MP-maximizer.'
For h,k € {0,1,2}, let uy(h, k) = wpi and
ARl = Wik + Wik — Wi — Wik

The inequality A%, > 0 means that action A’ is better than action &’
against the 50-50 mixture of actions h and k. Note that Aﬁf‘k/ = A%« and
AZ,kh, = —AZf“k,. Note also that Azl,j > 0 if and only if h pairwise risk-
dominates k. We have the following complete characterization (for generic
games) of the strict MP-maximizer.

Lemma 4.7.
(1) A% >0 and AY > 0.
(0,0) is the strict MP-mazximizer.
(2) A3} >0 and A% > 0.
(2,2) is the strict MP-mazximizer.
(3) AP >0 and A% > 0.
(a) If A1) >0 and A3 >0, then (1,1) is the strict MP-mazimizer.
(b) If AY > 0 and AlZ > 0, then (0,0) is the strict MP-mazimizer.
(c) If A3l >0 and AL} > 0, then (2,2) is the strict MP-mazimizer.
(d) If Al > 0 and A3 >0 and
(i) if ARZ/AN < A92/A2L then (0,0) is the strict MP-mazimizer.
(ii) if AY/AN > AV/A3L, then (2,2) is the strict MP-mazimizer.
Proof. See Appendix. |

We therefore have the following result as a corollary to Theorems 4.1
and 4.2.

Corollary 4.8. For a generic symmetric 3 X 3 supermodular game, there
erists a unique absorbing and globally accessible state for any small degree
of friction, given by the MP-maximizer in Lemma 4.7.

This corrects Theorem 4.3 in Hofbauer and Sorger (2002)'6 and resolves
their conjecture on the generic existence of an absorbing state.

5Morris (1999) establishes the generic existence of LP-maximizers for this class of
games. There is an open subset of games, however, that have two strict LP-maximizers.
Note that this class of games do not necessarily have diminishing marginal returns. For
symmetric 4 x 4 supermodular games, Morris (1999) presents a (nondegenerate) example
with marginal diminishing returns that has no robust equilibrium, and hence, no MP-
maximizer.

Y6 Their result only considers Case (3) in Lemma 4.7.
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4.3.4 Young’s Example

Consider the 3 x 3 game given in Figure 2(a), taken from Young (1993).
Oyama (2002) shows by direct computation that (2,2) is absorbing and
globally accessible for a small degree of friction. In fact, (2,2) is a strict MP-
maximizer with a strict monotone potential function that is supermodular
(Figure 2(b)), while the original game is not supermodular (for any ordering
of actions). Therefore, our results, Theorems 4.1 and 4.2, also apply to this
game.

Note that (1,1) is stochastically stable (Young (1993)), while it is neither
absorbing nor globally accessible when the friction is small.

0 1 2 0 1 2

0 6, 6 0,5 0,0 0 6 ) 0

1 5,0 7,7 5, b 1 5 7 )

2 0,0 5, 5 8, 8 2 0 5 8
(a) Original game (b) Monotone potential function

Figure 2: Young’s example

5 Binary Supermodular Games

In this section, we restrict our attention to supermodular games with two
actions for each player, where A; = {0,1} for all i € I. Note that in this
case, the stochastic dominance order reduces to the following simple form:
¢ 2 4 if and only if ¢;1(t) < ¢1(t) for all ¢ € I and all ¢ > 0. Denoting
pj = x;1, we define the incentive function d;: [0,1]Y — R for player i by

di(p1,...,pn) = wi(1,2—;) — u; (0, 2—;).

In the following, we identify a = (a;)ic; € A with p = (p1,...,pn) € [0,1]V
such that p;, = 0if a; = 0 and p; = 1 if a; = 1. We assume that action
profiles 0, where all players play 0, and 1, where all players play 1, are strict
Nash equilibria, i.e.,

dl(O) <0< dz(l)
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for all 3. We further assume that d; is nondecreasing in each p; (j # 7) so

that the game is supermodular. In the first subsection, we give complete

characterizations for the strict Nash equilibrium 1 to be globally accessible

and to be absorbing, respectively. By reversing the orders of actions, the

results can be applied to the other Nash equilibrium 0. The subsequent

subsections then consider three subclasses of binary supermodular games.
For a feasible path ¢, denote

AV (9)() = Vi () (t) = Vio(9) (1)
= (1+6) / eI g ((s)) ds.
t
We write the superscript 8 of AV to specify the discount rate. Note that
AV? is well-defined also for § = 0. Recall from Lemma 3.1 that if ¢ =
¥, then AV (¢)(t) < AVP(y)(t) for all i € T and all t > 0 due to the
supermodularity.

5.1 General Results
For T = (T});es € Rf, let ¢f be the feasible path given by

0 ift <T;
. 1
(@) (1) {1—6_(t_Ti) itt> T, o

which starts at 0 and converges to 1. Along ¢, agents in population ¢ € I
start choosing action 1 at time T;.

Denote R, = R, U {oo}. For T = (T});es € Rf, let ¥4 be the feasible
path given by

1 ift <T;
dy. . 7 .
(V)i (t) = {e(tTi) > T forie S, (5.2)
and
(YR)in(t) =1  fori¢ s, (5.3)

where S = {i € I|T; # oco}. Let Og be the action profile such that ¢ chooses
0Oifie Sand 1ifi¢ S. Along wﬁir, which starts at 1 and converges to Og,
agents in population ¢ € S start choosing action 0 at time T;, while those in
population i ¢ S always play action 1.

First, we provide necessary and sufficient conditions for the state 1 to be
globally accessible for a given degree of friction (Proposition 5.1.1) and for
any small degree of friction (Proposition 5.1.2), respectively. Each condition
is equivalent to the existence of a subpath of the form (5.1).

Proposition 5.1.1. Let 6 > 0 be given. The strict Nash equilibrium 1 is
globally accessible for 6 if and only if there exists T = (T})ier € Rﬂy such
that for alli € I,

AV (65)(T;) = 0.
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Proof. See Appendix. |

Proposition 5.1.2. There exists 6 > 0 s_uch that the strict Nash equilibrium
1 is globally accessible for all 6 € (0,0) if and only if there exists T =
(T})ier € ]Rf such that for all i € 1,

AV (@5)(T3) > 0.
Proof. See Appendix. |

Next, we provide necessary and sufficient conditions for the state 1 to be
absorbing for a given degree of friction (Proposition 5.1.3) and for any degree
of friction (Proposition 5.1.4), respectively. Each condition is equivalent to
the nonexistence of a superpath of the form (5.2)—(5.3) with Og being a Nash
equilibrium of the stage game.

Proposition 5.1.3. Let 6 > 0 be given. The strict Nash equilibrium 1 is
absorbing for 6 if and only if for any T = (T})cr € ]Rf such that S = {i €
I|T; # oo} is nonempty and Og is a Nash equilibrium, there exists i € S
such that

AVE(U)(T) > 0.

Proof. See Appendix. |

Proposition 5.1.4. The strict Nash equilibrium 1 is absorbing for all 0 > 0
if and only if for any T = (T;)ier € Rf such that S = {i € I|T; # oo} is
nonempty and Og is a Nash equilibrium, there exists i € S such that

AV (93)(Ty) > 0.

Proof. See Appendix. |

5.2 Unanimity Games

This subsection considers N-player unanimity games. The stage game is
given by
y; ifa=0
ui(a) =<z ifa=1 (5.4)
0 otherwise,
where y;, z; > 0. The incentive function for player ¢ is then given by
di(py, -+ on) =z [ [ o5 — v [ J(1 = py)-
ji i

Note that this game is supermodular.
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For T = (T})ier € RY, let

mi(T) = /T °° ] Jov {1 -] a

i
= / e TIT[{1 - e T} at, (5.5)
max; T} i
and -
pi(T) = / e~ (- T3) H{l A ef(thj)} dt. (5.6)
T -
g J#i

5.2.1 Global Accessibility

For a feasible path ¢% defined by (5.1) with a given T = (T});er € RY, the
discounted payoff difference is given by

AV (¢1)(T;) = 2zmi(T) — yipi(T),

so that AV2(¢%)(T;) > 0 if and only if z;/y; > pi(T)/mi(T).
We immediately have the following from Proposition 5.1.2.

Proposition 5.2.1. Suppose_that the stage game is a unanimity game given
by (5.4)_. Then there exists 8 > 0 such that 1 is globally accessible for all
0 € (0,0) if and only if there exists T € RY such that for all i € I,

zi _ pi(T)

RS .
y;  m(T)

Symmetrically, there exists 0 > 0 such that 0 is globally accessible for all
0 € (0,0) if and only if there exists T € RY such that for all i € I,

5.2.2 Absorption

For a feasible path ¢$ defined by (5.2) with a given T = (T;);er € RY, the
discounted payoff difference is given by

AVP(WINT;) = 2ipi(T) — ymi(T),

so that AV(¥3)(T;) > 0 if and only if z;/y; > m;(T)/pi(T).

We have the following from Proposition 5.1.4. Observe that in this case,
S satisfies the condition in Proposition 5.1.4 only if S = I.



Proposition 5.2.2. Suppose that the stage game is a unanimity game given
by (5.4). Then 1 is absorbing for all @ > 0 if and only if for any T € Rf,
there exists i € I such that

Symmetrically, 0 is absorbing for all 8 > 0 if and only if for any T € Rf,
there exists i € I such that

5.2.3 Two-Player Case

In the case where N = 2, there exists T € Ri such that

21 pu(T) z _ p2(T)
=> , =

y1 ~ m(T) y2 ~ m(T)
if and only if z120 > y1ys. Therefore, by Propositions 5.2.1 and 5.2.2, 1
is absorbing and globally accessible for any small degree of friction if and
only if 1 has the higher Nash product over 0. In the two-player case, this is
equivalent to that 1 risk-dominates O.

5.2.4 Three-Player Case

When N > 3, the complete characterizations given in Propositions 5.2.1 and

5.2.2 turn out to be rather complex. Here we consider three-player binary

games with a symmetry between players 2 and 3. We demonstrate that

even for this simple class of games, both Nash equilibria 1 and 0 may be

simultaneously globally accessible states when the friction is small.
Specifically, we consider the case where

(z1/y1, 22/y2, 23/y3) = (1, s, 5). (5.7)

We can exploit the symmetry due to the following fact. Note here that if
T; = Tj, then m;(T) = m;(T) and p;(T) = p;(T).

Lemma 5.2.3. Suppose that the stage game is given by (5.4). Then 1 is
globally accessible for any small degree of friction if and only if there exists
T such that for all i € 1,

zi _ pi(T)
RUES , 5.8
yi  m(T) (5:8)
and . ..
2> ST <T; (5.9)
Yi Yj



Proof. Tt suffices to show that if there exists T that satisfies (5.8), then there
exists T’ that satisfies both (5.8) and (5.9).
Take T that satisfies (5.8) and define T by

!/ : .
T, = min T;

gtz /Yy <zi/yi

for each 7. Note that Ti’ < T; for any 1.

Here we fix any i. By definition, there exists j such that 7] = T and
2j/y; < zi/y;. Take such a j. Note that T_; > TLj and T} = TJ’ Since T
satisfies (5.8), 7; is decreasing in T_;, and p; is increasing in T_;, we have

. . . /
Zj > p;(T) > PJ(TI)‘
yj — m(T) — m(T)
On the other hand, m(T') = m;(T') and p;(T') = p;(T') since T} = T}.
Therefore, it follows from z;/y; < z;/y; that
Zs oz kM) pdT)
yi vy m(T) m(T)

which completes the proof. |

A direct computation utilizing Lemma 5.2.3 shows that 1 is globally
accessible for a small friction if and only if there exists w > 1 such that

- . 1 >3u2—1
T S T - S — S R u—
’ 3u2 —3u+1’ 3u—1"

or there exists v > 1 such that

2
3v—1"

r>s, r>3v—2, s>

The above condition is equivalent to that

2
(s —1)v9s2 — 125+ 124 352 — 55+ 4

r<s and 7r >

or

2
r>s and r>-—1.
s

In the game given by (5.7), 1 has the higher Nash product over O if
rs? > 1. A direct comparison between r > 1/s? and the above expressions
gives the following sufficient condition in terms of Nash product.

Proposition 5.2.4. In the game given by (5.7), the Nash equilibrium with
the higher Nash product is globally accessible for any small degree of friction.

The converse is not true.
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Example 5.2.1. Let yy = 64+c¢c>0,yo =y3 =1, and 21 = 20 = 23 = 2
(see Figure 3). This game is a modified version of an example in Morris
and Ui (2002, Example 1).17 If ¢ > 0, then 0 is globally accessible for a
small friction, while if ¢ < 2v/6, then 1 is globally accessible for a small
friction. Therefore, if 0 < ¢ < 2v/6, the game has two globally accessible
states simultaneously when the friction is small. Note that 0 (1, resp.) has
the higher Nash product if ¢ > 2 (¢ < 2, resp.).

On the other hand, one can show that if ¢ < 0, then 1 is absorbing for
any degree of friction, while if ¢ > 21/6, then 0 is absorbing for any degree
of friction.

0 1 0 1

0 |[6+¢1,1| 0,00 0 0,0,0 0,0,0

1 0,0, 0 0,0,0 1 0,0,0 2,2, 2
0 1

Figure 3: Multiple globally accessible states

5.3 Binary Games with Linear Incentives

This subsection considers N-player binary supermodular games with linear
incentives (Selten (1995)). A binary game is said to have linear incentives
if the incentive function for player i takes the form (with p; = z;1)

N
di(py,...,pN) = Y uigpj — si
=1

withoy; = 0. If0 < 55 < Eévzl a; for all 7, then both 0 and 1 are strict Nash
equilibria. We assume that «;; > 0 so that the game is supermodular. (The
special case o;; = aj; leads to a potential game and has been considered in
Hofbauer and Sorger (2002).)

We restate the characterization for global accessibility given in Proposi-
tion 5.1.2 in the following form.

17One can verify that 0 is not an MP-maximizer for any ¢, while 1 is an MP-maximizer
if and only if ¢ < —2.
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Lemma 5.3.1. In a binary supermodular game, 1 is globally accessible for
any small 0 > 0 if and only if there exists (r;)icr € RN such that

/ e tdi(U(ry —ri +1),...,U(ry —r; +1))dt >0 (5.10)
0

for alli € I, where ¥ is given by

U(z) =
1—e™* forz>0.

{O for z <0,

Proof. Given (T;);er in Proposition 5.1.2, set, for example, r; = —T;. |

There is a relation to the concept of spatial dominance due to Hofbauer
(1999). He considers a spatial model with populations of agents each of
which is distributed along the real line, where agents move randomly on it
and interact locally across populations. This can be modeled mathematically
by a system of reaction-diffusion equations for the spatial distributions of
actions. The local interaction is assumed to be governed by the myopic
best response dynamics introduced by Gilboa and Matsui (1991). Each
Nash equilibrium corresponds to a spatially homogeneous stationary action
distribution. A Nash equilibrium p* € [0, 1] is called spatially dominant if
its basin of attraction contains an open set in the compact-open topology.
If initially the population is close to p* on a sufficiently large (but finite)
interval, then it will converge to p* everywhere. This implies that every
game has at most one spatially dominant equilibrium. Hence this model
provides a way of selecting a unique equilibrium for many important games;
e.g., in 2 x 2 coordination games the risk-dominant equilibrium is spatially
dominant. However, many games have no spatially dominant equilibrium at
all.

The connection with the perfect foresight dynamics follows from the
following fact, which holds for general binary supermodular games.

Lemma 5.3.2 (Hofbauer (1999), Lemma 1). In a binary supermodular
game, 1 is spatially dominant if there exists (r;)ieny € RY such that

di(q)(’l“l —7“7;),...,(1)(7‘]\[—1"1‘)) >0 (5.11)
for alli € I, where ® s given by

() = e?/2, for z <0,
1—e#/2 forz>0.

We need the following.

Lemma 5.3.3. [[° ¢ "WU(z +t)dt = ®(2).
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Proof. If z <0,

/ e ' W(z +t)dt = / e H{1- e*(z“)}dt =e7/2,
0 —z

and if z > 0,

/ e " (z +t)dt = / e {1- e_(z+t)}dt =1—-e7/2,
0 0

as claimed. |

Lemma 5.3.4. If d; is linear, then the two conditions (5.10) and (5.11) are
equivalent.

Proof. By Lemma 5.3.3 and the linearity of d;,
/ e*tdi(\I/(n —Ti—i-t),...,\I/(TN—Ti—i-t))dt
0

=d; </ e (ry — 1 Ft)dt, ... ,/ e (ry — 71 + t)dt>
0 0
= di((I)(Tl — Ti), . ,(I)(T‘N — TZ‘)),
which implies the claim. |

Combining Lemmas 5.3.1, 5.3.2, and 5.3.4 establishes the following im-
plication.

Proposition 5.3.5. In a binary supermodular game with linear incentives,
if the strict Nash equilibrium 1 (or 0) is globally accessible for any small
degree of friction, then it is spatially dominant.

Since a game has at most one spatially dominant equilibrium, this propo-
sition implies in particular that in binary supermodular games with linear
incentives, 0 and 1 cannot be simultaneously globally accessible (in contrast
to the example of unanimity games in Subsection 5.2).

The linearity of the incentive functions d; is crucial in the proof of Lemma
5.3.4. Indeed, the agreement between the selected equilibrium by spatial
dominance and the one by the perfect foresight dynamics fails for nonlinear
incentives. One class of examples are unanimity games in Subsection 5.2, for
which the equilibrium with the higher Nash product is spatially dominant
(see Hofbauer (1999)). Another example will be given in Subsection 5.4.
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5.4 Binary Games with Invariant Diagonal

This subsection considers N-player binary supermodular games with invari-
ant diagonal. A binary game is said to have an invariant diagonal if the
incentive functions satisfy

di(p,...,p)=---=dn(p,...,D)

for all p € [0,1]. This class of games includes games with “equistable bi-
forms” introduced in Selten (1995). We assume that d; is nondecreasing in
each p; (j # 1) so that the game is supermodular.

Denote by D(p) the restriction of any d; to the diagonal p =p; =--- =
pn. Observe that D(p) is nondecreasing in p. This game has a potential
function along the diagonal, which is defined by

v(p) = /DpD(q) dg. (5.12)

Proposition 5.4.1. Suppose that the stage game is a binary supermodular
game with an invariant diagonal. Let v be the potential function along the
diagonal given by (5.12). If v(1) > v(0), then
(a) there exists 0 > 0 such that 1 is globally accessible for all 6 € (0,0);
(b) 1 is absorbing for all 6 > 0.

Proof. (a) Along the linear path ¢ from 0 to 1, which is given by ¢;1(t) =
1—etforallicl,

0 _ Ooe—s —6_8 s
AVO(6)(0) = /0 D(1—¢*)d

1
- /0 D(p)dp = v(1).

Hence, if v(1) > v(0) = 0, then AV?(¢)(0) > 0, implying that 1 is globally
accessible for any small # > 0 by Proposition 5.1.2.

(b) If v(1) > v(0) = 0, then there exists p < 1 such that v(p) > 0. Take
such a p and any perfect foresight path ¢ with ¢;1(0) > p for all i € I. Note
that ¢;1(t) > pe~t. Then,

AV = (1+0) | T e 05, (64 ()er) ds
> (1 + 9) /00 e*(1+9)SD(pefs) ds
0
> /OO e *D(pe™*)ds

—Jo
1 [P

=/ Dgydg = "®) > 0,
P Jo D
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where the first inequality follows from the monotonicity of d;, and the sec-
ond inequality follows from the stochastic dominance relation between the
distributions on [0, 00) with the density functions (1 4 8)e~ (1495 and %,
Hence, we have ¢;1(t) = 1 — (1 — ¢;1(0))e™" for all t > 0, and therefore, ¢
converges to 1, implying that 1 is absorbing (independently of 6 > 0). |

Similarly, if v(0) > v(1), then 0 is globally accessible for any small § > 0
and absorbing for any # > 0. Therefore, for generic binary supermodular
games with invariant diagonal, either 0 or 1 is a unique absorbing and
globally accessible state for any small degree of friction (even though there
may be other strict equilibria).

Remark 5.4.1. A state z* € [[, A(A;) is linearly stable if for any x €
[, A(A;), the linear path from x to x* is a perfect foresight path. One
can verify that for binary supermodular games with invariant diagonal, if
v(1) > v(0), then 1 is linearly stable for any small degree of friction § > 0.

Remark 5.4.2. The above result extends to the class of games with “mono-
tone diagonal”. Let D;(p) = di(p, ..., p) and v;(p) = [y Di(q) dg. It can be
shown precisely in the same way as in Proposition 5.4.1 that if v;(1) > v;(0)
for all ¢ € I, then 1 is globally accessible for any small § > 0 and absorbing
for any 8 > 0.

Example 5.4.1. Consider the following three player game (see Figure 4). If
all three players match their actions, then their payoffs are given by u;(0) =
a > 0 and u;(1) = d > 0. For other action profiles, if ¢ matches ¢ + 1 with
action 0, then 4’s payoff is b > 0; if ¢ matches ¢ + 1 with action 1, then ¢’s
payoff is ¢ > 0; otherwise, all players receive payoff 0. Suppose here that
a > b and d > c. Note that this game is supermodular and has an invariant
diagonal.!® Proposition 5.4.1 implies that if 2a + b > ¢ + 2d, then 0 is
absorbing and globally accessible for a small friction, while if 2a+b < ¢+ 2d,
then 1 is absorbing and globally accessible for a small friction.

The selection criterion based on MP-maximization, on the other hand,
yields a limited prediction: One can verify that 0 is an MP-maximizer if and
only if @ > ¢+ d, while 1 is an MP-maximizer if and only if a + b < d. For
this game, the notion of u-dominance introduced by Kojima (2003) gives
the same condition: 0 is u-dominant if and only if a > ¢ + d, while 1 is
u-dominant if and only if a + b < d.1?

Spatial dominance selects a different equilibrium for this game, namely,
the equilibrium with the larger best response region on the diagonal, i.e.,
0 is spatially dominant if and only if a + b > ¢ + d, while 1 is spatially
dominant if and only if a + b < ¢+ d.

'8 This game is not a (weighted) potential game, since it has a better reply cycle.
19T general, MP-maximization and u-dominance give different conditions.
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0| aaa 0,0,b 0 b, 0,0 0, ¢, 0

1 0,b,0 ¢, 0,0 1 0,0, c d,d, d

Figure 4: Game with invariant diagonal

6 Conclusion

In this paper, we have considered the problem of equilibrium selection for
the class of supermodular games by embedding the normal form game into
the perfect foresight dynamics. Different strict Nash equilibria may have
different stability properties when the degree of friction is small, based on
which we can select a particular equilibrium. By exploiting the monotone
structure of the dynamics, we have established equilibrium selection results
for some classes of supermodular games. We have also shown that for super-
modular games, the predictions derived from the perfect foresight dynamics
coincide with those under the less demanding assumption of rationalizable
foresight. On the other hand, we have found that in certain unanimity
games, no Nash equilibrium has the required stability property.

We believe that our methods based on monotonicity and comparison will
be useful in analyzing other models in game theory. We leave this for future
research.
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Appendix

A.1 Proof of Theorem 4.1

Suppose that a* is an MP-maximizer with a monotone potential function v.
In this subsection, we show that a* is globally accessible for any small degree
of friction. Let A, C A; denote a set of actions for player i that contains a.
This set will be taken as A; ={h € A;|h<a}}or AF ={h€ A;|h>a}}.
For the potential game G) = (I, (A})ier, (v)ier) with the unique potential
maximizer a* € A’, consider the following optimal control problem with a
given initial state z € [, A(A}):

maximize J(6) = / T e (o(1)) dt (A.1a)

0
subject to ¢ € @, (A.1b)

where @/, is the set of feasible paths defined on [ ], A(A}) with the initial state
z. The state z will be taken as min A = (0,...,0) or max A = (ny,...,ny).

Lemma A.1.1. There exists § > 0 such that for any 0 € (0,0) and any
z € [[; A(A]), any optimal solution to the optimal control problem (A.1)
converges to a*.

Proof. Apply Lemma 1 in Hofbauer and Sorger (1999) and Lemmas 4.2 and
4.3 in Hofbauer and Sorger (2002) to the restricted potential game G.,. |

Lemma A.1.2. Let X be a nonempty compact set endowed with a preorder
3. Suppose that for all x € X, the set Ly = {y € X |y 2 x} is closed. Then
X has a minimal element.

Proof. Take any totally ordered subset X, and denote it by X’. Since
{Lz}zex consists of nonempty closed subsets of a compact set and has
the finite intersection property, L* = (), cx L, is nonempty. Any element
z* € L* is a lower bound of X’ in X. Therefore, it follows from Zorn’s
lemma that X has a minimal element. |

Lemma A.1.3. For any z € [[; A(A}), there exist optimal solutions to the
optimal control problem (A.1), ¢~ and ¢T, such that

¢; (t) = min BR, (¢~ A)(t) — ¢; (1),
o7 (t) = max BR, (¢*A})(t) — &/ (1)
for alli € I and almost all t > 0.

Proof. Fix z € [[; A(A}). We only show the existence of ¢~ ; the existence
of ¢ is shown similarly. Since the functional J is continuous on &, the set
of optimizers is a nonempty, closed, and hence compact subset of ®,. Hence
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a minimal optimal solution (with respect to the order ¢ = 1, defined by
o(t) 2 9(t) for all t > 0) exists by Lemma A.1.2. Let ¢~ be such a minimal
solution.

Take any 7 € I and consider the feasible path ¢; given by ¢;(0) = z; and

¢i(t) = min BR, (™ |A})(t) — ¢i(t)

for almost all ¢ > 0. Since by 'Lemma 2.2, for almost all ¢ > 0 there exists
«;(t) in the convex hull of BR! (¢~ |A})(t) such that

¢; (t) = ai(t) — ¢; (1),

we have ¢; T ¢, . On the other hand, since ¢; is a best response to ¢
the game G/ by construction, we have

J(9i, ¢~;) = J(¢7) = max J(¢)

VED,

_,; for

by Lemma 2.2, meaning that the path (¢;,¢_,) is also optimal. Hence, the
minimality of ¢~ implies ¢; (t) = ¢;(t) for all t > 0. Therefore, we have

¢; (t) = min BR, (¢~ |A)(1) — &; (1)
for almost all £ > 0, as claimed. |

Lemma A.1.4. There exists 0 > 0 such that the following holds for all
0 € (0,0): there exists a feasible path ¢~ such that

¢; (t) = min BRL(¢™|A7)(t) — ¢; (t) a.e, ¢ (0) = min 4

for alli € T andlimy_.o, ¢~ (t) = a*; there exists a feasible path ¢+ such that
67 (t) = max BR(6"|A])(t) = ¢ (1) ae,  ¢f(0) = max 4,

for alli € I and limy_, ¢ (t) = a*.

Proof. Follows from Lemmas A.1.1 and A.1.3. |

Proof of Theorem 4.1. Suppose that v is a monotone potential function for
a*. Take ¢~ and ¢* as in Lemma A.1.4. In what follows, we fix a sufficiently
small § > 0 so that both ¢~ and ¢ converge to a*.

Now fix any = € [[; A(4;). Note that ¢~ 2 ¢1 and ¢~ (0) S 2 2 ¢7(0).
Consider the best response correspondence (B¢ for the stage game G. Let
O, ={pecD,|¢p~ 2 ¢ =3 pT}. We will show, as in the proof of Lemma 3.3,
that Bg(qﬁ) = Ba(¢) N @, is nonempty for any ¢ € ®,. Then, since &, is
convex and compact, it follows from Kakutani’s fixed point theorem that
there exists a fixed point ¢* € Bg(qﬁ*) C ®,, which is a perfect foresight
path in G and satisfies ¢~ = ¢* X ¢, Since both ¢~ and ¢+ converge to
a*, ¢* also converges to a*.

39



Take any ¢ € ®,. Suppose first that the original game G is super-
modular. Then, we have

min BR} (¢~ |A;)(t) < max BR}, (¢ |A; )(t) < max BRY, (|47)(1),

where the first inequality follows from the assumption that v is a monotone
potential, and the second inequality follows from the supermodularity of u;
and Lemma 3.1. Similarly, we have

max BRY(6* | A7 )(t) > min BR), (¢*|A})(#) > min BR], (6| A7) (0).

Suppose next that the potential game G, is supermodular. Then, we
have

min BR,, (¢~ |A;)(t) < min BR,,(¢|A7)(t) < max BR,, (4|47 )(t),

where the first inequality follows from the supermodularity of v and Lemma 3.1,
and the second inequality follows from the assumption that v is a monotone
potential. Similarly, we have

max BR (6 A) > max BRL(6|AF)(t) = min BRL, (| A7)(0).

Therefore, in each case, we have
max BR,,, (¢|A7)(t) > min BR,, (¢ |A7)(t),
min BRY, (¢| A7 )(t) < max BR)(¢*|47)(t)

for all i € I and all ¢ > 0, so that there exists h € BR!, (¢)(t) such that
win BR (¢~ |A7)(t) < h < max BR) (67| A7)().
Define
Fi(6)(t) = Fi(9)(t) N [min BRL (67| A7 )(¢), max BRL (6| AF)(1)],

where

Fi(9)(t) = {a; € A(A)) | ain > 0= h € BR;, ()(1)},
and [ag, of] = {a] € A(A;)|a; 3 o 2 o} denotes the order interval. Then
the differential inclusion
b(t) € F(@)(H) —o(t),  »(0) ==

has a solution v as in Remark 2.1. Since Fj(¢)(t) C F(¢)(t), we have
¥ € Ba(¢). By the construction of ¢~, ¢F, and 1, we have ¢~ Z ¢ 3 ¢7.
Thus, we have 1 € 8g(¢) = Bg(¢) N ®;, implying the nonemptiness of
Ba(o). 1
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A.2 Proof of Theorem 4.2

Suppose that a* is a strict MP-maximizer with a strict monotone potential
function v. In this subsection, we show that a* is absorbing for any degree
of friction. For a nonempty set of actions A, C A; that contains a}, consider
the potential game G), = (I, (A})ier, (v)ier)-

Lemma A.2.1 (Hofbauer and Sorger (2002)). Suppose that G, is a
potential game with a unique potential mazimizer a* € A’. Then, a* is
absorbing for all 8 > 0.

Proof of Theorem 4.2. Suppose that v is a strict monotone potential func-
tion with the strict MP-maximizer a*, and let A, = {h € A;|h < a}} and
Af ={h € A;j|h > a}}. By Lemma A.2.1, a* is absorbing in each of the re-
stricted potential games G, = (I, (A; )ier, (v)ier) and G = (I, (A )ier, (v)ier).
Let

- =emin A+ (1 —¢)a*,

r7 =emax A+ (1 —¢)a”

X

for e € [0, 1].

Choose a small € > 0 so that any perfect foresight path for G from z_
and for G from z1 converges to a*. Fix any state z € [[, A(4;) close to
a* satisfying

and let ¢* be any perfect foresight path from x in the original game G. We
want to show that ¢* converges to a™.

In the following, we find perfect foresight paths ¢~ and ¢* for G, and
G, respectively, such that ¢—(0) = 22, ¢7(0) = 2T, and ¢~ =2 ¢* 2 ¢t
Then, since a* is absorbing both in G, and in G}, = and ¢* converge to
a*, and thus, ¢* also converges to a*. We only show the existence of ¢~;
the existence of ¢ is proved similarly.

Let &, = {¢p € @, |¢ 3 ¢" and ¢(t) € [; A(A;) for all £ > 0}. Con-
sider the best response correspondence ﬂG; for the stage game G,. We will
show that BG;((;S) = ﬂG;(qﬁ) N (i)zg_ is nonempty for any ¢ € (i)zg_' Then,
since é[:)xg is convex and compact, it follows from Kakutani’s fixed point
theorem that there exists a fixed point ¢~ € BG; (p7) C éﬁx;, as desired.

Take any ¢ € ® oo If G is supermodular, then
min BR;,(¢|A7)(t) < min BR;, (¢|A7)(t) < min BR,, (¢"|A7)(t),
where the first inequality follows from the assumption that v is a strict mono-

tone potential, and the second inequality follows from the supermodularity
of u; and Lemma 3.1.
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If G is supermodular, then
min BR;,(¢]A;)(t) < min BR(¢"|A;)(t) < min BR;, (6" A;)(1),

where the first inequality follows from the supermodularity of v and Lemma 3.1,
and the second inequality follows from the assumption that v is a strict
monotone potential.

Therefore, in each case, we have

min BR! (4| 4; )(t) < min BR!, (¢*|4;)(t),
so that there exists h € BRY(¢|A;)(t) such that
h < min BR}, (¢*|A4;)(t).

Then, there exists a best response v to ¢ in the game G, such that 1(0) =
x7 and ¢ 3 ¢*, which can be constructed as in the proof of Theorem 4.1. |

A.3 Proofs for Subsection 4.3

Proof of Lemma 4.3. Let v be given as in the lemma. We only show the
conditions (4.1) and (4.3) for A;; (4.2) and (4.4) are proved similarly. Fix
any ¢ € [ and m; € A(A_;). If af = minA,;, then (4.1) and (4.3) are
satisfied. Then consider the case of a] > min A;. Observe that v(h,m;)
>a_,ea_, Ti(a—i)v(h,a_;) is constant for all h < aj, so that min br (mi| A7
is either min A; or a}. It is sufficient to consider the case where a]
min br',(m;] A;).

Since

v(a;,m) — v(min Aj, m) = mi(a®,) - (L=p) + Y mi(a—i)- (~pi)

a—i#‘l*_i

~—

= Wi(aii) — Di,

it follows from a} = min br? (m;|A;") that m;(a*,) > p;.
Therefore, if a* is a p-dominant equilibrium, then a} € brf“ (milA; ),

*

ie., a = max brfti (milA;); if a* is a strict p-dominant equilibrium, then

{a}} = br@i (mi|A;), ie., af = min brﬁ% (mi|A;7). 1

Proof of Lemma 4.5. (a) Suppose that a* is an LP-maximizer with a local
potential function v. We show that if G or G, has diminishing marginal
returns, then ¢* is an MP-maximizer with this function v. Fix any i € [
and m; € A(A_;). We show that max bri(m;|4;") < max bri, (m;|A;). Let
@; = max brl,(m;| A} ). Tt is sufficient to consider the case where @; > min A;.

Since a* is an LP-maximizer, for all h < @; there exists p;(h) > 0 such
that

wi(h) (v(h +1l,a_;) — ’U(h,a_i)) <wui(h+1,a-;) —ui(h,a_;)
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for all a_; € A_;, so that we have
pi(h) (v(h+ 1,m;) — v(h,m)) < ui(h+ 1,7;) — ui(h, m)
for all h < @;. On the other hand, we have
v(a;,m) —v(@; —1,m) >0

by the definition of a;.
Suppose first that G has diminishing marginal returns. Then, we have

ui(h +1,7;) — ui(h, m) > wi(a;, m) —ui(@; — 1,m;)

> pi(a; — 1) (v(@, m) —v(a@; — 1,7m))
>0

for any h < @;. Hence, we have

ui (@i, mi) — ui(h, m) >0

for all h < @;, which implies that @; < max bri, (m;|A4; ).
Suppose next that G, has diminishing marginal returns. Then, we have

uz(h + 1,71'1') - ul(h, 7'['1') > ,U,Z(h) (U(h + 1,7'('1') - U(h,ﬂ'i))
> pi(h) (v(@i, m) —v(@ — 1,m))
>0

for any h < @;. Hence, we have
ui(@i, mi) — ui(h, 7;) 2 0

for all h < @;, which implies that @; < max brf” (mi|A;)-

(b) Suppose that a* is a strict LP-maximizer with a strict local potential
function v. We show that if G or GG, has diminishing marginal returns,
then a* is a strict MP-maximizer with the same function v. Fix any ¢ € [
and m; € A(A_;). We show that min br’ (m;|A;") < min bry, (mi|A; ). Let
a; = min br (m;|A;). Tt is sufficient to consider the case where a; > min A;.

Since a* is a strict LP-maximizer, for all h < g, there exists u;(h) > 0
such that

pi(h) (v(h+1,a_;) — v(h,a—;)) < wi(h+1,a_;) — ui(h,a_;)
for all a_; € A_;, so that we have
pi(h) (v(h +1,m) —v(h, 7)) < wi(h+1,m) — ui(h, m)
for all h < a@;. On the other hand, we have

v(a;, ™) —v(a; —1,m;) >0
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by the definition of a,.
Suppose first that G has diminishing marginal returns. Then, we have
wi(h+1,m) —ui(h, m) > wi(a;, ™) — wi(a; — 1,m)

> pi(a; — 1) (vl mi) — v(a; -
>0

1,7rl-))

for any h < a;. Hence, we have
ul(h, 7'['1') >0

ui(giv 7Ti) -

for all h < a;, which implies that a; < min br, (m;|A;).
Suppose next that G, has diminishing marginal returns. Then, we have

ul(h + 1,7Ti) — ui(h, 7[',‘) > ,U,Z(h) (U(h + 1,7‘(’2‘) - U(h,ﬂ'i))
> pi(h) (v(ag, m) —v(a; —1,m))
>0
for any h < a;. Hence, we have
wi(a;, ) — wi(h,m) >0

for all h < a;, which implies that a; < min brii (mi| A7) 1

Proof of Lemma 4.7. Case (1): (0,0) is a strict p-dominant equilibrium with
p1 = p2 < 1/2, so that Lemma 4.3 applies.
Case (2): Symmetric with Case (1).
Case (3—a): (1,1) is a strict p-dominant equilibrium with p; = ps < 1/2.
Case (3-b): A monotone potential function v for (0,0) is the following:

0 1 2
0 AN e(wo1 — wiy) e(wor — wiz)
01 o1 1 + (w21 — wi1)
1 e(wor — w11) 0 W21 — W11
2 &(wo — wnz) W1 — W11 0
+ (w21 — wi1)

where € > 0 is sufficiently small. All entries but v(0, 0) are less than or equal
to zero. By verifying that

v(0, k)—v

v(1, k) -
v(0,k) —

k) = e(u1(0,k) — wi(1,k)),
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for all £ (let € be sufficiently small, and use wag — w19 < way —wq1 and A3 >
0), one can show that the conditions in Definition 4.2 (with a* = (0,0)) are
satisfied.

Case (3—c): Symmetric with Case (3-Db).

Case (3-d-i): A monotone potential function v for (0, 0) is the following:

0 1 2
A1 (woz — wi2)
0 ¢ € + A1(w1o — woo) + Aa(w12 — wa2)
1 €+ )\1 (’Ujlo — w()()) —)\QA%% )\Q(wlz — w22)
A1 (woz — wi2)
2 Ao (wig — w 0
+ Ao (w12 — wa2) 2wz 2)

where € > 0 is sufficiently small, and A1 > 0 and Ay > 0 are such that
Aft A AR
This is the local potential function given in Morris (1999). Verify that
U(Oa k) - U(lv k) < )\1 (ul(ov k) - ul(la k))a
v(1,k) —v(2,k) < Xa(ui(1, k) — ui (2, k)),
U(O, k‘) - ’U(2, k?) < ()\2 + )\3)(’&1(1, ]{Z) — u1(2, k‘))
for all k, where A3 > 0 is such that

wr —wi2 A1 Wip — W20
w12 — W2 A3 W12 — W02

Case (3-d-ii): Symmetric with Case (3-d-i). |

A.4 Proofs for Subsection 5.1

We will need the following lemma.

Lemma A.4.1. Foralli €1 and allt > 0,

(a) for any T € RY, AVO(¢%)(t) is decreasing in 6 > 0,

(b) for any T € RY with S = {i € I|T; # oo}, AV (Y$)(t) is nonde-
creasing in 0 > 0, and is increasing in 0 > 0 if d;(1) > d;(0g).

This lemma is a consequence of the stochastic dominance relation among

distributions on [¢,00) induced by discount rates: the distribution on [t, c0)
with density function (1 + 8)e~(1F0(=t) strictly stochastically dominates
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the one with density function (1 4 #)e=(+9)=1 for 0 < < #. The
statements follow from the facts that d;((¢7)1(s)) is nondecreasing in s > 0
and increasing in s > max;cs Tj, and that d;((¢ T) (s)) is nonincreasing in
s >0, and decreasing in s > max;ecg Tj if d;(1) > d;(0g).

We first prove the global accessibility results

Proof of Proposition 5.1.1. “If” part: Suppose that there exists T = (T;);es
such that for all 7,

AV (¢3)(T3) > 0.
Since AV?(¢%)(¢) is increasing in ¢, AV (¢%)(t) > 0 holds for all i € T and
all ¢ > T;. This implies that ¢r. satisfies

(¢1)ia(t) > —=(dr)in(t) = 1 = max BR'(¢)(t)

for almost all ¢ > 0, so that ¢r. is a subpath. It follows from Lemma 3.5 that
for any x € [[, A(A;), there exists a perfect foresight path ¢* from 2 such
that ¢ < ¢*. Since ¢, converges to 1, ¢* also converges to 1. Therefore,
1 is globally accessible.

“Only if” part: Suppose that 1 is globally accessible, so that there exists
a perfect foresight path ¢ such that ¢(0) = 0 and lim;_,o, ¢(t) = 1. Take
such a perfect foresight path ¢ and let

T; = inf{t > 0] g (t) > —¢i1(t)}

for each 7 € I. Note that T; < oo for all ¢ € I.
For T = (T})icr defined above, define ¢, as in (5.1). Since ¢ 3 ¢, we
have
AV (5)(T3) = AV (9)(T;) = 0

due to the supermodularity. |
Proof of Proposition 5.1.2. “If” part: Take a T = (T});es € Rf such that

AV (6)(T3) > 0

for all ¢ € I. Since _AVi@(qﬁ%)(Ti) is continuous in @, there exists # > 0 such
that for all 6 € (0,0),
AV (91)(T3) > 0

for all i € I, implying that 1 is globally accessible for all # € (0,60) by
Proposition 5.1.1.

“Only if” part: Suppose that 1 is globally accessible for a small 6 > 0.
Then, by Proposition 5.1.1 there exists T such that

AV (1)(T3) > 0

for all i € I. Since AV?(¢})(T}) is decreasing in 6 by Lemma A.4.1, it
follows that
AV (05)(T3) > AV (91)(T;) = 0

forallie . |
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Next we prove the absorption results. For Proposition 5.1.3, we show
the following.

Lemma A.4.2. Let 6 > 0 be given. The state 1 is absorbing for 0 if and only
if for any T = (Ty)ier € RY such that S = {i € I|T; # oo} is nonempty,
there exists i € S such that

AV (43)(T3) > 0.

Proof. “If” part: Note first that by the uniform continuity of d;, for each

positive integer m, there exists €™ > 0 such that for any p = (pj)jer,
a = (gj)jer € [0,1]" with p; > ¢; —e™ for all j € I, we have

1

di(p) = di(q) — —

for all i+ € I. Then, for any feasible paths ¢ and 1 such that ¢;i(¢) >
j1(t) —e™ for all j € I and t > 0, we have

1
AV (¢)(t) = AV ()(1) — -
forall i€ I and ¢t > 0.

Suppose that 1 is not absorbing. Take any positive integer m and the
corresponding €™ given above. There exist z € [[; A(4;) with zy; > 1—¢™
and a perfect foresight path ¢™ with ¢™(0) = z that does not converge to
1. Take any such perfect foresight path ¢™.

Define ‘

Ti" = inf{t > 0| ¢} (t) <1—¢ji(t)},
and S™ = {i € I|T]® # oo}. Note that S™ is nonempty as ¢™ does

not converge to 1. Since ¢™ is a perfect foresight path and AV?(¢™)(t) is
continuous in t, we must have

AV (@™)(T7") <0 (A.2)

for 1 € S™.
Define T™ = (T/™);es by T/" = T;™ — min, T7". Take feasible paths Y
and 1,/},‘%% as in (5.2) and (5.3).
Observe that
) > (Y )i (t) — ™
for all 2 € I and ¢t > 0. It follows from the definition of €™ that

AVI($)(TI) > AV () (TI) —

SI—3]

= AV (4g,)(T") — —,
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so that )
AVI(pd YT — = < A.

for any i € S™ by (A.2).

Now let m — oco. Since the set of feasible paths ® is compact, {{gum }oo—;
has a convergent subsequence {w%m(k,)}zozl with a limit, which is written as
¢% for some T € R_]i\_[. Note that limj_o, T™*) = T. Since min;ey sz =0
for all m, S = {i € I|T; # oo} is nonempty due to the finiteness of I.
Moreover, since AVZ-H is continuous on ® x R, we have

AV (4)(T;) < 0

for any i € S by (A.3). )
“Only if” part: Suppose that there exists T = (1})er € ]Rﬂy such that
S ={i eI|T; # oo} is nonempty, and

AV ()(T;) < 0

for any i € S. Since AV (y$)(t) is decreasing in t, AV (y$)(t) < 0 holds
for all 7 and all t > T;. This implies that 1/1% satisfies

()io(t) > —(¥3)io(t) = 0 = min BR(yif)(t)

for almost all ¢ > 0, so that @br‘}‘ is a superpath. It follows from Lemma 3.5
that there exists a perfect foresight path ¢* from 1 such that ¢* = w%. Since
Y% is such that (¢5);1(t) — 0 as t — oo for i € S, it follows that ¢* does
not converge to 1. Therefore, 1 is not absorbing. |

Proof of Proposition 5.1.3. By Lemma A.4.2, we only need to show that if
for any T such that S = {i € I'|T; # oo} is nonempty and Og is a Nash
equilibrium, there exists i € S such that AV?(y$)(T;) > 0, then the same
condition holds for any T such that Og is not necessarily a Nash equilibrium.
Suppose not, and choose T and S such that S is maximal among all subsets
that violate the condition. Then AV?(¥$)(T;) < 0 for any i € S. Since Og
is not a Nash equilibrium, (i) there exists j € S such that d;(0g) > 0, or
(ii) there exists j ¢ S such that d;(0s) < 0. In case (i), however, by the
supermodularity,
d;j(05) < AV (43)(T;) <0,

which is a contradiction. Therefore, case (ii) holds. Choose such a j.
Define T' = (17,...,Ty) by T; = T; for i # j and T; as a sufficiently
large but finite number. Then 1%, < 13, so that

AVE (p3)(T]) < AV (9&)(T3) <0

for i € S by the supermodularity. Moreover, since Ang (1/)911,)(7}’) converges
to d;(0s) < 0 as Tj — oo, we have

AV} (5)(T§) < 0.
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This contradicts the maximality of S. |
Proposition 5.1.4 follows immediately from the following.

Lemma A.4.3. The following conditions are equivalent:

(a) 1 is absorbing for all 8 > 0;

(b) there exists O such that 1 is absorbing for all 6 € (0,0);

(c) for any T = (T;)ier € RY such that S = {i € I|T; # oo} is
nonempty and Og is a Nash equilibrium of the stage game, there exists i € S

such that
AV (93)(Ty) > 0.

Proof. (a) = (b): Obvious.

(b) = (c): Suppose that there exists T = (T});e; € RY such that S =
{i € I|T; # oo} is nonempty, Og is a Nash equilibrium, and AV (y$)(T;) <
0 for all i € S. Fix such a T. Since AV?($)(T}) is continuous in @, there
exists 6 > 0 such that for all 6 € (0, 0),

AV () (Ty) <0

for all 4 € S, implying that 1 is not absorbing for any # € (0, ) by Proposi-
tion 5.1.3.

(c) = (a): Suppose (c). For each T = (T;);e; € RY such that S = {i €
I'|T; # oo} is nonempty and Og is a Nash equilibrium, take i € S as in (c).

By the monotonicity of d;, we have d;(1) > d;(0g). If d;(1) = d;(0g),
then for any 6 > 0,

AVP(W)(T3) = di(1) > 0

by the monotonicity of d;. If d;(1) > d;(0g), then AV (¥$)(T;) is increasing
in @ by Lemma A.4.1, so that for any 6 > 0,

AV () (Ty) > AV (43 )(T;) > 0.

It follows that 1 is absorbing for all # > 0 by Proposition 5.1.3. |
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